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Problem Formulation

r

ﬁ C(s,k) G(s,a,b)

No(s,b) b ,s" +---+Dbs+h,
D.(s,a) as"+---+aS+a,

G(s,a,b) =

(a,b) belong to an uncertainty set P

P . semialgebraic set
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Problem Formulation

r
ﬁ C(s,k) G(s,a,b)—7
Cs k) = permi) o K8 S8 r>n-1
D.(s,k) Kk, S +--+k s+k .
k . design parameters
] IS | |
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Problem Formulation

r

ﬁ C(s,k) G(s,a,b)

F(s,k,a,b)=D,(s,a,b)D.(s,k) +C.(s,a,b)C. (s, k)=, s"" +--- f,5+ T,

fo<f <f., j=0..n+r forall(ab)eP

F(s,k,a,b): (uncertain) closed-loop characteristic polynomial
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C(s,k)

Problem Formulation

1

G(s,a,b)—7

F(s,k,a,b)=D,(s,a,b)D.(s,k) +C.(s,a,b)C. (s, k)=, s"" +--- f,5+ T,

LsfjsTj, ..n+r forall (a,b)eP
S(a,b)k =1, f<t<f for all (a,b) e P
] | | | | |
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Problem Formulation

r

ﬁ C(s,k) G(s,a,b)

S(a,b)k=1, f<f<f forall(ab)eP

Robust Diophantine eguation
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Robust Pole Placement

Two problems have to be considered in robust pole placement:

» checking robust nonsingularity of the Sylvester matrix S¢(a,bt) over
the uncertainty set P

» controller parameters computation
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Checking robust nonsingularity
of uncertain matrices

 Checking robust nonsingularity of uncertain matrices is an
NP-hard problem

Q Previously proposed approaches:
» are only able to deal with the case that P is a box
» provide conservative nonsingularity conditions

Q New approach:
» Is able to deal with the case that P is a semialgebraic set
» In the case P is a box, it provides less conservative nonsingularity
conditions w.r.t. previously proposed approaches
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Checking robust nonsingularity
of uncertain matrices

Result 1

The uncertain matrix S(a,b), with (a,b) € P, Is robustly

nonsingular if and only if the following optimization problem
IS bounded:

h"=max|x] st S(ab)x=0

xeRA™'
a,beP
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Checking robust nonsingularity
of uncertain matrices

h=max|x, st  S(ab)x=0
xeRA™
a,beP

An upper bound h of h™ can be computed by exploiting LMI-relaxation
techniques for polynomial optimization problems:

» Theory of moments (Lasserre 2001)
» SOS decomposition (Chesi et al. 1999, Parrillo 2003)

Result 2

The uncertain matrix S(a, b), with (a,b) € P, is robustly nonsingular
If h is finite
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Robust nonsingularity of
uncertain matrices: example

0 b b b 0 O
0 0 b b b O b, e[3-A, 3+A] a,e[4-A, 4+A]
0 0 0 b, b b : )

S@D=1 2 4 s 0 o b e[8-A, 8+A] a, e[3-A, 3+A]
01 a a a 0 boe:-S—A, -5+A] a, e[-6-A, _6+A]
0 0 1 a a a, )

Obtained results: matrix S(a, b) is guaranteed to be robustly nonsingular for:

o A<0.201 (Beek, 1975)
e A <0.208 (Jansoon and Rohn, 1999)
e A <0.420 (LMlI-relaxation approach)

For A =0.427 S(a,b) Is not robustly nonsingular
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Design of robust controller

S(a,b)k=1f, f<f<f forall(ab)eP

f<S(abksf, forall(ab)eP
f<S(abk<f, i=0..n+r, forall(ab)eP

(S.(a,b)k—f >0
J — 1=0,...,n+Tr, for all (a,b) e P
i —-S;(a,b)k=0
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Design of robust controller

Problem 1

Find the controller parameters k such that

(S.(a,b)k—f >0
J — 1=0,...,n+r, for all (a,b) e P
i —Si(a,b)k=0

Robust Feasibility Problem
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Design of robust controller

Problem 2

Find the controller parameters k and a set of SOS polynomials
o:(a,b,®;) and x;(a,b,®,) such that

, .
S,(a,b)k — f, = o2(a,b,0,) + Y o?(a,b,®,)p,(a,b)
& 2

— np
f =S/ (a,b)k = 72(a,b,@y) + Y #%(a,b,®,)p;(a,b)
\ =1

PZ{(a,b):pj(a’b)ZO’ j:l,...np}

If k 1s feasible for Problem 2, then k Is feasible for Problem 1
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Design of robust controller

Find the controller parameters k and a set of SOS polynomials
o:(a,b,®;) and y;(a,b,®,) such that

-

np
S,(a,b)k — f, = o2(a,b,0,) + Y 62(a,h,®,)p;(a,b)
& 2

- np
f,—S,(a,b)k = 72(a,b,®,) + D" 72(a,b,® ) p, (a,b)
j=1

.

e Enforcing af(a, b,®;) and ;(J.Z(a, b,®;) to be SOS polynomials leads to LMI constraints in their coefficients

np _ np
e Enforcing S;(a,b)k - f, = o7 (a,b,0,) + Y o7(a,b,®,)p;(a,b) and f, —S;(a,b)k = x3(a,b,®,) + > xi(a,b,®,)p;(a,b)
T i=1 =1

leads to linear equality constraints in the design parameters k and in the coefficients of ajz(a, b,®;) and ;(jz(a, b, )

Rebust Feasibility Problem
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Design of robust controller

Find the controller parameters k and a set of SOS polynomials
o:(a,b,®;) and y;(a,b,®,) such that

-

np
S,(a,b)k — f, = o2(a,b,0,) + Y 62(a,h,®,)p;(a,b)
& 2

- np
f,—S,(a,b)k = 72(a,b,®,) + D" 72(a,b,® ) p, (a,b)
j=1

.

e Enforcing af(a, b,®;) and ;(J.Z(a, b,®;) to be SOS polynomials leads to LMI constraints in their coefficients

np _ np
e Enforcing S;(a,b)k - f, = o7 (a,b,0,) + Y o7(a,b,®,)p;(a,b) and f, —S;(a,b)k = x3(a,b,®,) + > xi(a,b,®,)p;(a,b)
T i=1 =1

leads to linear equality constraints in the design parameters k and in the coefficients of ajz(a, b,®;) and ;(jz(a, b, )

Convex Feasibility Problem
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Design of robust controller

Example

G(S): - p18+p2
S + P3PS+ P,

10.6F ' ' ' ' ' ] 0.45
10.4 0.4+t
o 102 o~ 035f
8 8
Q Q
§ 10 g 0.3
g 5
= 9.8 Q, 025t
96+ T 0.2
94k 0.15

12 14 16 18 2 22 24 08 96 94 97 9 88
parameter p, parameter p,
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Design of robust controller

Example
f, e [6, 12]
F(s)=s"+ f,8°+ f s+ f, ( <[19, 35]
f, 6[25, 29]

3.68s + 2.54
S+5.186

C(s) =

Imaginary axis
)

-12 -10 -8 -6 -4 -2 0
Real axis
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Conclusions

aQ A novel approach to check robust nonsingularity of

uncertain matrices is proposed

» the considered problem can formulated as a polynomial optimization
problem

» the case when the entries belong to an uncertain semialgebraic set can
be treated

» in the case of interval matrices, the presented method provides less
conservative nonsingularity conditions w.r.t. previously published
technigques

A The problem of designing robust feedback controllers is

considered
» the design problem is reduced to a robust feasibility problem over a
nonconvex uncertainty set
» SOS representation of positive polynomials is used to compute a robust
controller through convex optimization
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