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Abstract
In this report we provide some technical details for some of the results
appeared in [Alessio et al.(2005)]. In the first section we provide the proof
of continuity of the PPWA function computed with the ”squaring the
circle” algorithm stated in ACC 06. Then, we analyze the complexity of
the previous algorithm, in terms of the desired level of accuracy in the
approximation of the PPWA function.

1 Definitions and Notations

A subset P of R" is called a convex polyhedron if it is the set of solutions to a
finite system of linear inequalities, and called a convex polytope if it is convex
and bounded. For the sequel, we might omit convex for convex polytopes and
convex polyhedra, and call them simply polytopes and polyhedra. Let P be a
polyhedron (or a polytope). A linear inequality ¢!z < d is called valid for P, if
ez < d holds for all z € P. A subset F of a polyhedron (or a polytope) P is
called a face if it is represented as

F=Pn{z:clz=d} (1)

for some valid inequalities. By this definition, both the empty set (# and the
whole set P are faces. The faces of dimension 0, 1, dim(P)—1 are called vertices,
edges and facets respectively. The vertices are defined as points which cannot
be represented as convex combinations of two other points of P.

Let P C R” be a polyhedral set. Given (v°,..,v") affinely independent points
of P, we define a simplex S as

S & {reR" |x:2mvl,z,ul:1,
1=0 1=0
w >0forl=0,1,...,n}.

A simplex S in R™ has exactly n + 1 vertices and n + 1 facets.

In the sequel we will refer to 2 C R™ and ©® C R as two open sets.



Definition 1 Given a definite positive matriz A, a generic ellipsoidal set E 4 g,
is defined as {x € Q|a’ Az + ax < r?}, where a € RY™™, r € R.

Definition 2 A function f : Q — © is quadratic if f(z) = 2’ Ax + ax + o, with
A€ R™" a¢c RY™™, a€ 0. In addition, f is convex, if and only if A > 0.

So, given the matrices (A > 0,a,r) defining an ellipsoidal set £4,4,,) C 2,
the function fg : 2 — O defined as

fe(z) = 2’ Az + ax + ag, r€N,ae€EB (2)
is quadratic and convex. Note that the level sets of fg(z) are ellipsoidal sets
E(Aa,r)- In fact, once a level fo > frin = *@ + ag ! is fixed, the curve

v :2'Az + ax = f° — a, defines an ellipse, Vo € Q. So, the set defined as
{z € Qz’ Az + ax < f° — o} is an ellipsoid £4 4, where r = (f° — o)z,

Definition 3 A function f : Q — © is piecewise affine (PW A) if there exists
a partition Ry, ..., Ry of Q where f(x) = c;x +d;, Ve € R;, i=1,...,N.

Definition 4 A function f : Q — O, where Q C R™ is piecewise affine on
polyhedra (PPW A) if there exists a polyhedral partition Ry, ..., Ry of Q where
flz) =cr+d;,VeeR;,i=1,..,N.

Given a PPWA function f(x) = ¢;x + d;, defined over a polyhedral partition
{R}N,, (R, € Q,i=1,.,N), where the generic region R; is defined by the
inequalities A;x < b;, for = € §2, the following proposition states how to compute
the level sets of f(z) over [, Ri.

Proposition 5 The level sets of a PPWA function f : Q — O, where f(x) =
civ + d; is defined over a polyhedral partition {R;}N |, (R; C Q, i =1,..,N),
are polyhedrons P C Q defined as

P ={z € Ri|e;x < f. — d;}, (3)
where f, € © is the desired fized level.

Note that, while in the quadratic and convex case the boundary of the level
sets obtained by cutting the initial function f at a desired level are given by a
curve v that defines an ellipse in the space €2, in the piecewise linear case the
boundary is defined by a closed curve 7 : ¢,z = f. — d;, YV € R;.

Definition 6 A function f : Q — © is a PWA approximation of f : -0
on polyhedra, if there exists a polyhedral partition Ry, ..., Rx of Q where f(x) =
cx+di, Vx € Ry, i=1,..,N, and Ve > 0, || f(z) — f(2)|| <€, Vz € Q.

HE f0 < frnin = *% + ag the level sets of the function are either {0} or 0.



Definition 7 A function f : Q — © is a PWA over-approximation of f : Q-
© on polyhedra, if there exists a polyhedral partition Ry, ..., Rn of Q where f(z)
=cix+d;,Vr € R;,i=1,....,N, is a PWA approzimation of f and f(x) > f(x)
Vr € Q.

So, given two closed ellipsoidal sets 3E 4,4, (= & and &4,4,r);

Aa, %7' )
where 88 4.ar) C Eaary, as B < 1, and their asso(ciatgd ()Jluadratic func-
tions fge(z) and fe(x) as defined in (2), the problem of fitting a polyhe-
dron P in between the two closed sets € and &, amounts of finding a PWA
over-approximation f(x) of fe(z), within a given bounded error € where ¢ =

ming (fge(z) — fe(x)), € Q. This leads to the fact that

fe(x) < f(z) < fpe(@), Vo € Q (4)

The first inequality comes from the fact that f is a PWA over-approximation
of fe, while the validity of the second one is due to the fact that since f(z) —
fe(z) < €< fae(x) — fe(x), Vo € Q, then f(x) — fge(x) <0, Vo € Q.

Note that since (4) is valid, the level sets of the three functions denoted by
E, P, BE, respectively will have the property that 3£ C P C £. So, the desired
polytope P between the two ellipsoidal sets &£, € is the level set of a PPWA
function not greater than fge, that over approximates fg.

Note that once € and £ are given, the two associated quadratic functions
fae(x) and fe(x) as defined in (2), are not unique. Their representation depends
in fact on the two constants cg and age. In the following sections, we will give a
more detailed description of the procedure stated for obtaining such polyhedron
P between two closed ellipsoidal sets € and £. In the sequel we will simplify our
notation omitting the explicit dependence on the triple (A, a,r) of the generic
ellipsoid &, as we will refer to our particular case, where £ := {z € Q|z’ Ar+azx <
r?} and BE = {x € Q|2' Az + azx < Br?}

2 Continuity of the PPWA function

Given f: Q) — O, where 2 and © are open sets of R" and R respectively, and a
non empty polytope P C 2, we can split the polytope P into a certain number
of simplices S;, i = 1, .., s, using, for example, the Delaunay Triangulation. The
set of simplices so obtained has the following properties

(i) int(S) Nint(S;) =0, Vi,j=1,.,s, (i#7); (5)
(i1) Ui Si =P. (6)

Every single simplex S; has n + 1 vertices [v,..,v?], for i = 1,..,s. Define
the matrices M;, i = 1,.., s as follows

Mi £ 0 1 ) (7)



and the vectors

Vi2 [ fe@]) fe(v)) - fe(i) T i=1, 5.
Theorem 8 (Continuity of the PPWA function) Given a simplexS C R"
and a set {S;}._, of simplices obtained by the Delaunay Triangulation of S, the

PPWA f : S — R such that f(z) = { g,(m) Zliefu}iire where fi(x) =

VIM; (L], Vo € S; is continuous Vx € S.
proof -
By definition of V;, M[l, the function f; is an affine function of x continuous

Vo e S;,i=0,..,1. Toshow the continuity of the entire function f over S, we
need to prove that given two simplices S;, S; such that S; N.S; # 0,

filz) = fi(2),vz € S;in S;. (8)

Since, by construction, the set of simplices {Si}ézo is obtained through the
Delaunay Triangulation of S C R", two simplices S;, S; can share at most a face
2 that is a lower-dimensional subspace of S; (or S;). Since a face is, in general,
the convex hull of a certain number p of vertices (that, in this case, can be at
most (n — 1)), in order to prove that f(z) is continuous Va € S, is sufficient to
show that condition (8) is true on the vertices in common between S; and S;.
That is

fi(vk) = fj(’l)k) = f(vk),Vvk €SN Sj. (9)

But the value of f;(v) does not depend on the simplex S;. In fact, if we

rewrite the initial definition of a generic simplex S so that
S={oeR" ue R™IM T[] = u}, (10)

where = [ug, .., tn)]" is a vector of coefficients such that given z € S,

n n
xzz,ulvl, ZM =1. (11)
1=0 =0

The value of f; on the generic vertex vy, of S; N S, is given by
fFy=vimt[ k] (12)

0

Since M1 [11;9] = | un | = p, we have that ;" ;i = pr = 1. The value

U

_ 0
of f;(vg) is function of vy, only, and does not depend on the simplex S;. In fact
0 0

Fky = VT L | = VT | 1] = fe(oh).

0 0

2The faces of dimension 0, 1, dim(S;) — 1 are called vertices, edges and facets, respectively.



Since fe(v*) depends only on the vertex v; and not on the generic simplex
Si, the values assumed by f; and f; on each common vertex vy will be equal to
fg(vk). That iS,

filvr) = filvr) = f(og) = fe(vr), Vo € SiNSj,i,5 =0,..,1,i # j. (13)

In consequence of (13), fi(z) = f;(z) Vz € ;N S;.

3 Complexity

In this section we will analyze the complexity of the algorithm described in
[Alessio et al.(2005)], in terms of the desired level of accuracy in the approx-
imation of the quadratic and convex function fg with the PPWA function
f. Define ¢g = max,egs, fi(z) — fe, (i = 1,..,s), as the initial maximum er-
ror committed at the first step of the algorithm in [Alessio et al.(2005)], and
€; =mingeg, fpe(z) — fe(x) = age —ag. So, algorithm in [Alessio et al.(2005)]
computes a PPWA function f such that

max f;(z) — fe(z) <es, (i=1,..,s). (14)

z€S;
Note that conditions (14) and (4) are equivalent, but since condition (4) is
useful to describe the relation between the functions and their respective level
sets, condition (14) makes the study of the algorithm complexity easier. So,
in the following, we will study the complexity of the computation of a PPWA
function f, described in section 3, that approximates a convex and quadratic
function fg within a given bounded error ¢;.

3.1 Computation of a 1-step error (lower bound)

Given a function fe : R® — R that associates x € R” — z7 Az +a”'z 4 a, where
A is a symmetric positive definite matrix, a € R™, o € R. Define vy, .., v, € R™
as n+1 geometric independent points of R™, that is v; —vy, .., v, —vg are linearly
independent.

Furthermore define a function f : R® — R so that z € R” — ¢’z + d, where
c € R™\{0} and fe(v;) = f(v;) fori =0,..,n.

Define v,,q, as the arg max,eg fe(x) — f(z), where S is the simplex with vertices
U0y -y Un, and § = maxgegs fe(x) — f(x).

Now, substitute the initial simplex S = [vg, .., v,] with the n + 1 simplices
Sk = [V0y - Vk—1, Vmag, Vk+1--, Un] Obtained through the substitution of one ver-
tex at time with the vector obtained before and denoted as v,,qz-
At this point we compute f again starting from the vertices of Sy, and then the
new vectors v/, &' with the new function f¢ — f. Now we want to state the

max’
dependence between v., .., Vmaz and &', 6.



Note that v,,q. € S, as A is positive definite. Moreover, it can happen that
Umaz lies on a facet of S, and not only into its interior. In this case, if [v;,, .., v;_]
is the minimal facet which contains v,,,4., we will substitute v,,,4, With vy, where
k =1y,..,is. However, v,,4, cannot lie on any vertex of S.

For sake of simplicity, we make a change of coordinates putting the origin
into vg. In this way, a; = « and the function f¢ — f becomes:
1

fe(z) — f(x) = §xTAx bz (15)

where b = ¢ — a. So, we have that vy, = A7'b and 6 = %bTA_lb

Assume that v,,4, lies into the interior of S, otherwise if v, lies into a
facet of S, we will have the same following arguments.

Define S" = [vg = 0, Upmaz, V2, --, Un] and (¢/)Tx+  as the function that takes
the role of the new f. So, v),,. = A7V is the new point of maximum and
§ = L()TAY is the new maximum, and b’ = ¢ — a. So, we want now to

obtain explicitly ¢’ (and so ).

Define
T ’U:naz
Uy g Ch / T
Un v T
7171,
and oy
5 Avmaz
Lo Avy , ZUT"?;
Y= 1,00 Y = 2V2 A2 . (17)
2Vn AUn %vnTAvn

The condition fe(v;) = f(v;),i =0, ..,n is now stated as Vb=, V't/ = ~'.
Furthermore, we have that Vb = V¥ = v, where 71 = [$0] Avy.. 20T AvT].
Follows that the two vectors b and b’ belongs to the same subspace (of dimension
1), that is

b = thy + b, (18)
where by € ker(V), that is Vb = 0.
We want to determine ¢. From the condition V’b' = +' we obtain that

1. vl (thy +b) = %vﬁazAva
2. bT A=Y (thy +b) = 36T A"TAA b = LT A 1D
3. thT A by = —3bT A 1p
)
So

Y = b+ b (19)

T A-1h,



Let’s compute §':

/ 1 NT A—13/ 1 6 T T —1 5
= - A = [(——— A N (= 2
7 = 5OTAY = Sl W VA g+ B (20)
It follows that
2 T -1
! 0 TA by — 26 + 28] = 0 0bp A”bo (21)

5[(bTA—1b0)2b° 2 (BT A=1hy)2

In the end we obtain
- ) bTAflbeTAflbo

=1 (bT A=1hy)2 (22)

Now: A~1! is positive definite as A, so the generic form a(z,y) := 27 A~y can
be interpreted as a scalar product. If we define # as the angle between b and by
in the metric defined by a we obtain that

T A—1p )2
lm = cos? 0 (23)
and so
§ = %ﬁ (24)
But cos?0 < 1, so
5 > g (25)

3.2 Computation of a 1-step error (upper bound)

Now compute (¢I' —(¢/)T)A~1b'. This quantity is greater than zero for sure, this
is due to the convexity of the function f¢ and to the fact that f/(z) = (¢)To+dis
a tighter approximation of fg within the new simplex S7 = [vg = 0, Upmaz, -+, Un)
obtained by the substitution of the first vertex vy with v,44.

Now, since c=b+a,c =V + a, we know that c— ¢ =b—¥". So,

b —®)NHAY >0 (26)
and
MTA =20 (27)
We already know that b’ = tbg + b, where t = —ﬁ, then
VAT =0T A (thg +b) = thT A by + 0T AT b= —64+20=6 (28)
So

AT — 20 >0 525 >0, (29)
that is § > 20 or &' < 3.



So, in the end 5 5
!

1 <o < 5 (30)
The algorithms builds recursively a tree, where at every node stores the vertices
of the current simplex and the vector (c;, ;) which define the function f in that
simplex. Every node has at most n + 1 leaves, because if the approximation
obtained is not below a desired error €y, it splits the simplex into at most n +1
simplices. Every one differs from the other only for the single vertex v,,q.. So,
if we start from an initial error €, at the first step of the procedure, we will add
the first level to the tree, we will split the initial simplex into at most n+1 leaves
and we are sure that the value of the error obtained at this level €1, belongs to
the interval [, ).
So at the k — th level of the tree, the value of the error e; € [{F,5%). The
algorithm stops when £ : €, < €7, where € is the desired approximation error.

And so the height of the tree h is such that log, % < h < log, i—ﬁ
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