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Abstract

We derive a closed form solution for the optimal consumption/investment problem of an
agent whose force of mortality is stochastic and whose financial horizon coincides with
a fixed retirement date. The investment set includes a longevity asset, as a derivative
on the force of mortality. We explore the optimal choices of a representative agent
having Hyperbolic Absolute Risk Aversion preferences on both consumption and final
wealth. Our numerical analysis shows that individuals optimally invest a large fraction
of their wealth in the longevity asset. In our base scenario, calibrated on real world
data, a 60-year old male retiring after 5 years should invest around 88% of his wealth
in the longevity asset. Such a percentage decreases as time to retirement decreases. We

explore sensitivity of our results to market and individual characteristics.

Keywords: longevity risk, pre-retirement savings, consumption/portfolio choices,
HARA preferences.
JEL classification: C61, G11.




1. Introduction

Despite the relevant and increasing hedging need of pension funds and annuity
providers, the market for longevity risk, i.e. the risk of unexpected changes in the
mortality of a group of individuals, is not sufficiently liquid yet.

Many reasons may have contributed to undermine a rapid development of the mar-
ket, such as the lack of standardisation, informational asymmetries, and basis risk.
Nevertheless, recent developments provide a sound technology for modelling the sys-
tematic randomness in mortality (see e.g. Lee and Carter, 1992), for designing and
evaluating hedging instruments (Blake et al., 2006 and Denuit et al., 2007) and for
managing longevity risk (Barrieu et al., 2012).

Furthermore, the transfer of longevity risk from pension funds to re-insurers has
become more and more common, although on an over-the-counter basis. For instance,
the volume of outstanding UK longevity swaps has reached 50 billion pounds as of the
end of 2014, with a prevalence of very large deals, such as the 16 billion pounds swap
between BT Pension Scheme and Prudential and the 12 billion euros Delta Lloyd/RGA
Re index-based transaction. Investment banks have been also actively in the trans-
actions. Between 2008 and 2014, alongside reinsurance specialists, JP Morgan, Credit
Suisse, Goldman Sachs, Deutsche Bank and Société Générale were involved in longevity
deals (Luciano and Regis, 2014).

Longevity-linked products should be of interest to asset managers for at least two
reasons: their low correlation to other asset classes (at least in the short run, see
Loeys et al., 2007), and their effectiveness in hedging individual investors against the

unexpected fluctuations of their subjective discount factors, which take into account



lifetime uncertainty (Yaari, 1965, Merton, 1971, Huang et al., 2012).

The aim of this paper is to analyse the optimal consumption and portfolio choices
of an investor subject to longevity risk prior to retirement. The agent can invest in a
friction-less, arbitrage free, and complete financial market where both traditional assets
(bonds and stocks) and a longevity bond are listed.

Contrary to life-cycle analysis, we focus on pre-retirement decisions. This choice
allows us to reproduce the point of view of asset managers or pension funds whose
investment horizon coincides with the time of annuitisation of individual’s wealth. We
thus consider a fixed deterministic retirement age (in contrast with Farhi and Panageas,
2007 and Dybvig and Liu, 2010 for instance, who consider an endogenous retirement
choice), which coincides with the time horizon of the investor.

An extensive literature has explored consumption and investment decisions when
mortality contingent claims are present. In particular, Huang and Milevsky (2008)
analyse the decisions of families in the presence of income risk and life insurance. Ex-
plicit solutions are also obtained by Pirvu and Zhang (2012) with stochastic asset prices
drifts and inflation risk and by Kwak and Lim (2014) with constant relative risk aver-
sion (CRRA) preferences. All these papers consider a deterministic force of mortality,
while we model it as a stochastic process. We describe longevity risk by means of
a doubly stochastic process whose intensity follows a continuous-time diffusion (as in
Dahl, 2004). This process may be correlated with the other state variables. With
stochastic mortality, both individuals and annuity /life insurance sellers are exposed to
unexpected changes in the force of mortality, implying under or over reserving.

The optimal investment problem of pension funds in the accumulation phase has



been studied extensively, for instance by Battocchio et al. (2007) and Delong et al.
(2008). In this paper, we focus instead on the effects of longevity risk and its hedging
on individual’s consumption and portfolio decisions. The role of longevity-linked assets
in investor’s optimal portfolio has been addressed first by Menoncin (2008). Maurer
et al. (2013), solving a life-cycle portfolio investment problem with longevity risk, assess
the importance of variable annuities to smooth consumption, while Horneff et al. (2010)
analyse the role of deferred annuities. They find that these products should optimally
account for 78% of the financial wealth of a retiree.

While insurance products are non-marketable, longevity assets on the market al-
low individuals to dynamically hedge against mortality fluctuations (we abstract from
transaction costs). Cocco and Gomes (2012) analyse, in the context of a life-cycle
model, the demand for a perfect hedge against shocks in the life expectancy of a CRRA
agent. They study the optimal investment in a longevity bond, which is akin to our
zero-coupon longevity asset. In their numerical simulations, they find that individuals
— at old ages and especially approaching retirement — should invest a relevant fraction
of their wealth in the longevity asset.

Our main contribution consists in providing a closed form solution to the (finite-
horizon) problem of an agent prior to retirement, endowed with a general Hyper-
bolic Absolute Risk Aversion (HARA) class of preferences when mortality intensity
is stochastic. We also provide a calibrated application, which allows to appreciate the
relevance of longevity products in the optimal agent’s portfolio.

Under reasonable stochastic models and calibration for both mortality intensity and

interest rate, we find that individuals should optimally invest a relevant fraction of their



wealth in a longevity bond. A 60-year old US male, who wants to retire at age 65 should
optimally invest around 88% of his portfolio in the (zero market price of risk) longevity
bond and then progressively decrease this share approaching retirement. We explore
the sensitivity of our results to both individual and market characteristics, finding that
the optimal demand for longevity bonds: (i) is higher for 60-year old US females than
for 60-year old US males; (ii) reduces (but very slightly) when the agent displays a
more conservative behaviour (either high risk aversion, or high minimum consumption
or high final wealth minimum level); (iii) remains positive over the whole horizon unless
the risk premium is unreasonably low. These last two results are robust for younger
agents.

The outline of the paper is the following. Section 2 describes the model setup,
while Section 3 describes the individual preferences and the maximisation problem.
The optimal consumption and portfolio are found in closed form. Section 4 provides
a calibrated application based on US data. Finally, Section 5 concludes, and some

technical derivations are left to two appendices.

2. The model setup

2.1. State variables

On a continuously open and friction-less financial market over the time set [to, +00[,
the economic framework is described by a set of s state variables z (t) € R® which solve

the following (matrix) stochastic differential equation:

dz (t) = p. (t, 2)dt + Q (¢, 2) dW (t), (1)

sx1 sx1 sXn nx1



where z (ty) is a deterministic vector that defines the initial state of the system, W (¢) is
a vector of n independent Wiener processes,' and the prime denotes transposition. The
usual properties for guaranteeing the existence of a strong solution to (1) are assumed to
hold. The vector z (t) can be divided into two components: the financial state variables
zy (t) and the mortality intensity of a group of individuals, which, as customary in the

actuarial literature, are assumed to be homogeneous by cohort:

/

dzy (1) oy (t,2) Gtz) O] A

(s—1)x1 | — (s—)x1 | gt 4 | G=Hx0=D) (n-Dx1 | (2)
/

dA (t) J75N (t, Z) U{)\(<t7 1’2)) OXx (t, Z) dW)\ (t)

X{(n—
~ ~~ - N ~~ - R S—
dz(t) we(t,2) Q(:;)/ dW (t)

where 0 is a vector of zeros. The diffusion vector oy (¢, z) captures the correlation

between the financial state variables zf () and the mortality intensity A ().

2.2. Financial market

On the financial market n risky assets are traded. Their prices S (t) € R’} solve the

(matrix) stochastic differential equation

I5'dS (t) = p(t, 2)dt + X (¢, 2) dW (1), (3)

nx1l nx1 nx1 nxn nx1

where [ is a diagonal matrix containing the elements of vector S (¢). The initial asset

prices S (ty) are deterministic. Finally, a risk-less asset exists, whose price G (t) € R

!The case with dependent Wiener processes can be easily obtained through the Cholesky’s decom-
position.



solves the ordinary differential equation

G ()" dG (t) = r(t, 2) dt, (4)

where 7 (¢, z) € R, is the instantaneously risk-less interest rate. We assume G () = 1,
i.e. the risk-less asset is the numéraire of the economy. The financial market is assumed
to be arbitrage free and complete. In other words, a unique vector of market prices
of risk & (t,z) € R™ exists, such that ¥ (,2) € (t,2) = u(t,2) —r(t,2) 1, where 1 is a
vector of ones (i.e. 3! ¥ (t,2)7").

Girsanov’s theorem allows us to switch from the historical (P) to the risk-neutral
probability Q by using dW@ (t) = £ (t, z) dt + dW (t). The value in t, of any cash flow

= (t) available at time ¢ can be written as

=) = B3 |20 G5 =B [F0 9] =By [E@m o, o],
(5)

where E,, [¢] and E% [e] are the expected value operators under the historical (IP) and

the risk neutral (Q) probabilities respectively, conditional on the information set at time

to, and the martingale m (to,t), such that m (to,to) = 1, solves m (to,t)”" dm (to,t) =

—E(t2) AW ().

2.3. Longevity bonds market

The mortality intensity (or force of mortality) A (¢, z) € R, of a homogeneous group
of individuals, which the investor belongs to, is an element of z(¢). Following the

stochastic mortality approach initiated by Milevsky and Promislow (2001) and Dahl



(2004), the death event is modelled as a Poisson process with stochastic intensity.
The probability to be alive at time ¢, given that an agent is alive in %y, is given by
Efo [e_ I, )\(u,z)du} .

The value in ¢, of a financial flow = () available in ¢ if an agent is still alive can be
written as Ej [E (1) e o r("’z)ﬂ(u’z)du], while the value of the same cash flow available
at the death time of an agent is given by E [ftzo A(s)E(s)e” Jig T2t M w2 g | ere
we have assumed that the death time is defined on the interval [tq, +oo] (see Lando,

1998).

The financial market described in the previous section is assumed to be complete
even with respect to the force of mortality. In other words, we assume that there exists
a derivative on A (¢), which we will refer to hereafter as the “longevity asset”. If A () is
the price of such an asset, the dynamics of asset prices (3) can be rewritten disentangling

the (independent) Wiener processes Wy (t) and W) (¢):

Ig! 0 dSs (t Sr(t,2) 0
s n— 5 (1) fuy (t,2) A L AW (t)
(n-D)x(n—1) (7Dx1 (n-1)x1 | = | (-Dx1 |gt4 | 7Dx(=D (n=1)x1 (n—1)x1
o’ AL dA (t) fia (t, 2) OAf (t, Z)/ oax (t,2) dWy (t)
1x(n—1) 1x(n—1)
N— ———
151 dS(t) n(t,z) S(t,2)! dW (t)
(6)

3. Investor’s maximisation problem

3.1. Investor’s wealth, consumption and revenue

The investor holds g (t) € R™ units of the risky assets and 0 (t) € R units of the

risk-less asset. Thus, at any instant in time, the investor’s wealth R (t) is given by the



static budget constraint
R(t)=0s(t)'S(t) +0c () G (1), (7)
whose differential is the dynamic budget constraint

dR () = 05 (1) dS (t) + 6 (1) G (t) + dbs (1) (S (t) +dS (1)) + dbs () G (1).  (8)

dRu(t)

The first two components on the right hand side of (8) account for the changes in
prices. The dR, (t) component, which accounts for the dynamic adjustment of the
portfolio allocation: (i) finances the instantaneous consumption ¢ (t) dt, (ii) discounts
the probability of dying between ¢ and t + dt, which is measured by A (¢, z) dt, and (iii)
is financed by the investor’s labour income.

The accumulated labour income from ¢y up to time ¢ is L (¢) and solves

, dWy (t)
AL (1) = w (t,2) dt + | ors (t,2)" o (t,2) || (-1 | 9)
1x(n—1) g | dW)\ (t)
or(t,z) —————
AW (¢)

where w (¢, z) is the (instantaneous) labour income (or wage) of the agent. Thus, the

investor’s wealth dynamics is

dR () = 0 (t)' dS (t) + O (t) dG (t) — c () dt + dL () + A (t, 2) R(t)dt.  (10)

Once the static budget constraint (7) and the asset differentials (3), (4) and (9) are

9



suitably taken into account, dR(t) becomes

dR(t) = (R(t)(r(t,2)+A(t,2))+0s(t) Is(u(t,2) —r(t,z) 1) +w(t, 2) —c(t)) dt

+ (05 (1) IsZ (¢, 2) + o (£, 2)) AW (1) (11)

3.2. Investor’s preferences and objective

The investor obtains utility from both the inter-temporal consumption U. (¢ (t)) =
(¢(t) —em)' ™ /(1 — 6) and the wealth at the end of the financial horizon Ug (R (T)) =
(R(T) — Rp)™° /(1 — §), where § > 1 and the constants ¢,, and R,, can be interpreted
as the minimum subsistence value of consumption and final wealth, respectively. Both
functions belong to the Hyperbolic Absolute Risk Aversion (HARA) family. In fact,
the Arrow-Pratt absolute risk aversion indexes are §/ (¢ (t) — ¢,,) and 6/ (R (T) — R,,,),
respectively. Accordingly, the higher ¢, (or R,,), the higher the risk aversion: an agent
who has to guarantee a higher minimum level of consumption (or final wealth) will
choose a safer investment. The case of CRRA preferences is obtained with ¢,, = R,,, = 0.

The investor chooses (c¢(t),0s (t)) which maximise the inter-temporal utility of

his/her wealth and consumption up to time 7"

max [E;

0s(t).clt)

14 1-4 ’
(12)

T 1-9 1-§
/ (C (t) - cm) e jtso p(u,z)-i-/\(u,z)dudt + (R (T) — Rm) e~ jf[; p(u,z)+A(u,2)du
to

where p (, z) is a (possibly stochastic) subjective discount rate.
Notice that the budget constraint equalises the initial wealth increased by the ex-

pected value of all the future revenues to the sum between the final wealth and the

10



whole consumption stream (recall E2 [dL (¢, 2)] = E¢ [w(t,2) —or (t,2) £(t,2)] di):

R (to) = Ef} [ / T (e(6) — w(5,2) + 01 (5,2 € (5 2)) € gy () g Iy
) (13)

i.e. the difference between the discounted value of final wealth at T and the initial

wealth of the investor must coincide with the expected value of the discounted flow of

risk-adjusted consumption net of labour income.

3.3. The optimal consumption and portfolio

Problem (12) under the constraint (13) can be solved either through dynamic pro-
gramming (via the so-called Hamilton-Jacobi-Bellman equation) or through the so-
called martingale approach. This last method is viable in our framework because of

market completeness.

Proposition 1. The optimal consumption and portfolio solving problem (12) are

(1) Cm + Fi.2) : (14)
IO (t) = —X(t, 2) oy (t,2) + k@) _5H t Z)Z (t,z) 7 €(t, 2) (15)
R(t)— H(t,z) 1 OF (t,z) 1 0H (t,z)
i s 0 T s e s S
where
T . T
H (t7 Z) — E? / (Cm —w (S, Z) +op (S, Z)/ g (S, Z)) e Jto r(u,z)Jr)\(u,z)dudS + Rmef fto r(u,z)+A(u,z)du ’
t

(16)

11



j;T e N (%r(u,z)+%p(u,z)+)\(u,z)+% % %ﬁ(u,z)lg(u,z))duds

F(t,z)=E . , (A7)
+€_']t (%r(u,z)—&-%p(u,z)—l—/\(u,z)—&—%%%E(u,z)'f(u,z))du
0s 0—1
AW (5% = S (1, 2) de W (1) (18)
Proof. See A. m

In the solution we used the new probability measure Qs defined in (18). It has two
relevant properties: (i) for a log-utility agent, i.e. 6 = 1, the probability Qs coincides
with the historical probability; (ii) when the agent is infinitely risk averse, i.e. § — 400,
the probability Qs coincides with Q. In fact, we can think of the Wiener processes under
Qs as a weighted mean of the Wiener processes under the risk neutral and the historical
probabilities:

AW ()% = (1 - %) dw ()% + %dW (t). (19)

The function H (t, z) is the expected value, under @, of the minimum final wealth
R,, and of the risk-adjusted minimum consumption level net of wage, appropriately
discounted in both actuarial and financial terms. Thus, it represents the net expected
balance after financing the minimum consumption and final wealth.

The function F (¢, z) is the expected value (under the preference-adjusted measure
Qs) of the sum of all the discount factors for both the consumption stream (first term)
and the final wealth (second term). We can interpret F' (t,z) as a “global” discount
factor.

Optimal consumption is equal to the sum of the minimum consumption level ¢,, and

the difference between actual wealth R (¢) and the expected value of all the discounted

12



subsistence levels of consumption and terminal wealth H (¢, z), divided by the “global”
risk and preference-adjusted discount factor F' (t,z). We remark that the difference
R (t) — H (t, z) is also relevant for computing the optimal portfolio, which depends also
on the sensitivities of H (¢, z) and F (¢, z) with respect to the state variables z.

The role of the longevity asset in (15) can be identified using the decomposition of
matrices 2 and ¥ as shown in (2) and (6), respectively. The optimal investment in the
longevity asset and in the financial assets is, respectively:

AT OAN ) OAN A F anzf AF O\ OAN fAf)zf )\8/\ ’

(20)

R—H § ., OF L, 0H )
)—E ! —EfIO'AfAQA. (21)

* —1 -1
]Sfesf——zf O'Lf+ S Ef (§f+f fa—zf f fa—zf

We identify four components in the demand for the longevity asset: (i) a speculative
component, related to the risk premium &), (i) a hedging component against labour
income fluctuations, (iii) a hedging component against the fluctuations of the global
discount factor F' (¢, z), and (iv) a hedging component against the fluctuations of the
expected imbalance to finance minimum consumption and wealth H (¢, z).

The last two components depend on: (i) the risk aversion of the individual, (ii) the
variance-covariance matrix of the state variables, and (iii) the sensitivities of F (¢, z)
and H (t,z) with respect to changes in the state variables.

The inclusion of the longevity asset in the investment set modifies the individual
demand of both the risk-less and the other financial assets. We can interpret the amount
of wealth invested in the longevity asset as taken partly from the wealth invested in

the risk-less asset and partly from the wealth invested in the financial assets (as in

13



Menoncin, 2008). The proportion taken from the financial assets is given by the ratio
between the covariance of the longevity and the financial assets and the variance of the
financial assets (in fact, (E}Ef)fl Yhons = Z;la—j\f). This means that the higher the
correlation between a financial asset and the longevity asset, the higher the amount of
wealth taken from the former to be invested in the latter. If the longevity asset is not
correlated to financial assets (i.e. opy = 0), then the amount of money to be invested

in it is fully taken from what is invested in the risk-less asset.

4. A numerical application

4.1. The state variables

In order to present a numerical application, a simplified market structure is taken
into account. We consider two uncorrelated state variables: the instantaneously risk-less
interest rate r (t) and the force of mortality A (¢). They solve the following differential

equations

dr (t) = a, (B, — 1 (t)) dt + o/ (£)dW, (1), (22)

AN (1) = oy aiAa”a—f) () = A(0) | dt+ /X @ams 1), (23)
N

where ., ay > 0 are the strength of the mean reversion effect and 3., (t) > 0 are the
long-term means. 7 (¢) is set to be equal to the Gompertz law (with X (¢y) = 7 (Z9), see
Menoncin, 2009). If the Feller conditions 2a,, > o2 and 2a,f, (t) > 0% are satisfied
for any t, the two processes are always positive.

In order to preserve the statistical properties of r(t) and A (t) after switching

14



between probabilities, we assume that both the market prices of interest rate risk and
mortality risk are proportional to the square root of the respective variable (¢, and ¢,

are constant):

51“ = ¢r VT (t)u §A = ¢A V A (t) (24)
The results we are about to present rely on the following proposition.

Proposition 2. If the variable y (t) solves the stochastic differential equation

dy (t) = a (B (t) —y (1) dt + oy (H)dW (1), (25)
then, for any constant x,
E, [efxftTy(u)du] — ¢S B0 sl () (26)

1 — e—A(T—t)
=2
XA¥a+ (A — ) e BT’

A =+/a?+20%y. (28)

Proof. See Appendix B. m

C(t;x a,0,T) (27)

In order to simplify the computations, we assume that the labour income is determ-
inistic (i.e. o = 0) and the wage w is constant. Thus, the function H (¢, z) can be

written as

T s s ~ n
o (t, Z) _ (Cm _ w)/ E? |:€_ jt r(u,z)du} E? |:€_ jt )\(u,z)du] dS—FRmE? |:€_ jtT r(u,z)duj| E? |:€_ jtT )\(u,z)du] ,
t

(29)

15



where

E9 |:€7 ftT r(u)dui| — e—agﬁg ftTC(s;l,ag,ar,T)ds—C(t;l,a(g,aT,T)r(t)’ (30>

Ey [e— ftTA(u)d“} = e~ BC(sitaRonT)ds=C(tLaXonT)AW) (31)

4.2. The traded assets

Four assets are traded on the financial market:
e the risk-less asset, whose price G (t) evolves as in (4);

e a risky asset (like a stock index) whose price A (t) follows a GBM:
A ()T dA (1) = pdt 4+ o 4dWa (t) + o4, dW, (1), (32)

where o0 4, measures the instantaneous covariance between the stock and the risk-

less interest rate. We assume &, is constant and thus

A dA®R) = r(t)dt+ oadWI(t) + oadWO (1) (33)

= (r (1) + 0ala + Oardrr/T (t)) dt + o4dWa (1) + 04, dW, (1) ;

e a constant time to maturity (7g) zero-coupon bond whose price is

B(t) = EF [e 7 rton], (34)

16



and whose differential is

Bt "dB(t) = r(t)dt—C (0;1,02,0,,Tg) op\/7 (£)dW2 (t) (35)
= r(t) (1 - C (0; 1,09, UT,TB) argb,,) dt

—C (0;1,a2,0,,Tg) o,/ (t)dW, (1) ;
e a constant time to maturity (7)) zero-coupon longevity bond whose price is

A(t) = E2 [e—ffﬁA r(u) A (36)
and whose differential is

A)HAA(t) = (r(t)+A(@)dt —C(0;1,a2, 00, Th) o/ ()dW2 (2) (37)
—C (o; 1,09, 0, TA> oA DA (1)
= ((1 -C (0; 1, a%o,«,TA) UT¢T) r(t) + (1 -C (O; 1, ag, U)\,TA) J>\¢>\) A (t)) dt

—C (0;1,02, 00, Th) /7 (AW, () — C (o; 1, a%JA,TA) oA (D dW) (1) .

Since the market price of the stock (£4) is constant then the function F'(¢) can be

written as

T
F(t) = / e~ (5rr33 55 €A) Qs [e—‘s%(l%ﬁi)ﬁr(u)du} E [e—(1+§§{%¢§)ﬁx(u)du} s
t

Lo (3355516 T RQs [e—%(lﬁ%ﬁ)ﬁr(u)ﬂ EY [e—(H%%%ldﬁ)ftT Mu)dﬂ(gg)

17



where
Es [67%(1%%@53)1;4“)@} _ o8 O (w5 (145 §62) .0 08 du—C (1252 (145 §62).0 08 (1)

EQs [ef(ué%%wi) I A<u>du} _ o B0 (w143 552 03) 087 o s du—C (5145 § 551 03) 030 on s ) A(E)

4.8. The optimal portfolio

In order to explicitly compute the optimal portfolio from (15), we define the following
/

matrices: 95‘ (t) = [ HA (t) QB (t) 9/\ (t) :| ) dW (t> = |: dWA (t) dWr (t) dW)x (t) ’

!/

z(t):[r(t) A(t)},,ﬁz[@x ¢/ (2) %\/Wl’

0 0 A
A O Ar 0
Y=10 -C (0;1,a2,0,,T5) o,4/7 (1) 0 . (42)
0o -C (0; 1,09, O'T,TA) o1 (t) —C (0; 1, ofg, o, TA) oxy/ A (1)



The optimal portfolio is

g4
A(t) 04 () oa
R (t) —H (t) 1 oA b cb/\C(O;l,ozg,ar,TA)
B (t) 05 (t) = § C(O;l,ag,omTB) O’Ao'tw/j:(t) T oo UAC(();LQ?\@'A,TA) (43)

SN 5 W
A ()04 () UAC(O;I,QA%?,U)UTA)

0
R(t)— H(t) 1 _oF@) | C(0s1,a%,00,Ta) oF (1)
F (t) C(O;l,ag,ar,TB) ar(t) C(O;l,ag,ﬂ')\,TA) OA(t)

_ 1 OF(t)
C(O;l,a%,o‘k,TA) OA(t)

0

1 _oH®) C(0:L,a% 00, Tn) 9H(1)
T | Clotat0,.75) \ o7 T C(0i1,08.00,Ta) OAD

1 OH(t)
C’(O;l,a%,a,\,TA) OX(t)

The optimal investment in the risk-less asset is obtained as the difference between

the total wealth R(t) and the amount invested in the other assets.

4.4. Calibration

All the financial market parameters are estimated from three time series (from
January 1st, 1962 to January 1st, 2007, thus taking out the turbulence following the
sub-prime crisis): (i) the 3-month US Treasury Bill interest rate (on secondary market)
for calibrating r (¢), (ii) the 10-year US Bond interest rate (on secondary market) for
calibrating B (t) (with T = 10), and (iii) S&P 500 for calibrating A (¢).

The parameters of the risk-free interest rate .., £, and o, are gathered in Table 1
(they are calibrated by applying the homoscedastic transformation 24/r (¢) to (22) and

then using ordinary least squares). 7 (tg) is set to its long term equilibrium value (i.e.

o = 67")

19



The average return on 10-year bonds is about 7.1%, thus
E;[dIn B (t)] = 0.071d¢, (44)

1
(1 —C(0;1,02,0,,Tg) 0,0 — §C’ (0; 1,02, 0,, TB)2 af) r(t) =0.071, (45)

which is solved for ¢, = —0.5590635 (recall that a2 is a function of ¢,) where instead
of r (t) we use the long term equilibrium value g, (Table 1).

The variance and the mean of the log-return of S&P 500 are
V[dIn A (t)] = (07, + 0%) dt = 0.0223dt, (46)

E[dnA(t)] = (r (t) + 0ala + Tar /7 () — % (0% + aiw)> dt = 0.06688dt, (47)

where 7 (t) will be substituted with the long term equilibrium level £,.
The covariance between the S&P 500 log-return and the return on the 10-year bonds

is
CldnA(t),dnB (t)] = —C (0; 1,02, 0., Tg) o ar0,\/7 (t)dt = —0.0004552dt, (48)

where the interest rate will be again substituted with its long term mean (.. Thus, we
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have to solve the following system

(

o2 + 0% = 0.0223,
By + 0ala + 040/ By — 2 (034 + 03,) = 0.06688, (49)

—C (O; 1, ai@, O, TB) 0 A4r0 Br = —0.0004552,

\

which has a positive and a negative solution for o4; we take the positive one as shown
in Table 1.

Mortality is estimated by fitting the observed survival probabilities for US males
born in 1950, who were aged 60 (Zy) at January 1st, 2010. We fix the observation point
to January 1st, 1990 and we obtain the observed survival curve from cohort tables
available at the Human Mortality Database using 20 data points. For ¢ € {1, 2, ..., 19}
we get the survival probability p (0,t). We calibrate the intensity process by minimising
the mean squared error between fitted and observed values of the survival probability,
imposing at the same time the Feller condition. The initial value of the mortality

intensity is

Mto) = o + (1 + i) e (50)

b [65Y

The survival probability between ty and T is available in semi-closed form:

T T . .
B (to, T) = Ef; [e_ Lo )\(u)du] — o~ iy BAE)C (s an 00 T)ds=C(051,05,03,T)A(to) (51)

We thus determine the parameters of the intensity process (gathered in Table 1),
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Table 1: Parameters for the base scenario, calibrated on the S&P 500, 3-month Treasury Bills, and
10-year Bonds time series (between January 1st 1962 and January 1st 2007).

Interest rate/Bond Stock Wealth /Preferences Mortality /Longevity
a, = 0.0904668 o4 = 0.14926 Ry =100 ay = 0.561
B, = 0.0621328 =19 04, = 0.0046306 w =10 oy = 0.0352
o, = 0.0543625 &4 = 0.1108301 T =65 ¢o = 0.0009944
¢, = —0.5590635 p=0.01 — 12.9374
T =10 R,, =100 m = 86.4515
Cm =0 ty = 60
5=125 T, =10

Qax, Oy, @o, b and m, by minimising the cost function

n

L 600 - p0.0)* (52)

t=1

4.5. Base scenario

We assume the existence of a continuously-rolled over longevity bond with maturity
Tr, = 10 years whose underlying is the mortality intensity of the cohort of US males
born in 1950. In our base scenario, we set the risk premium for mortality ¢, = 0. We
consider an individual who, at the time horizon 7', does not want to deplete all his
initial wealth Ry. Instead, we assume he wants to reach a minimum amount of wealth
(R,,) at T, which will be annuitised to finance post-retirement consumption. Hence,
we set R, = Ry = 100. We set the annual salary to one tenth of the initial wealth, i.e
w = 10. We fix retirement age at T' = 65 years.

A sample consumption/investment profile is presented in Figure 1, where the op-
timal consumption /investment is represented at daily intervals. The individual’s wealth

volatility is decreasing over time. At the beginning of the horizon, he invests around
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22% in the stock, goes short 9% in the risk-free asset and 1.5% in the bond, and invests
88% in the longevity asset. While he approaches retirement, he progressively reduces
his investment in equity, in order to reach his final wealth target with a higher degree
of certainty, and increases the share invested in bonds and in the risk-free asset, which
reaches almost 100% approaching retirement age. For the same reason, he reduces
consumption, which drops from around 15% at ¢, to around 7.5% at T'. This drop is
consistent across simulations, though its magnitude varies. Investment in the longevity
asset is decreasing over time as well, mainly because over time the fluctuations of the
discount factors due to changes in mortality likelihood affect less and less the valuation
of wealth of the individual. Indeed, since ¢, = 0, the demand for the longevity asset is
entirely due to the hedging component against the fluctuations of the interest rate and
of the functions F' and H.

Figure 2, which collects 100 paths with optimal strategies computed at monthly
intervals, allows to appreciate the variability in sample paths. Investment profiles are
very much stable across different paths, while the consumption profile is more volatile,
as hinted above. This result is consistent with the findings of some works that indicate
how consumption tends to absorb most of the uncertainty in models (Bernasconi et al.,
2015, for instance, demonstrate that even uncertainty on fiscal parameters affects con-
sumption but does not alter the decision to evade). Thus, after a financial shock, an

agent prefers to vary his consumption rather than his portfolio allocation.
4.6. Sensitivity analysis: longevity risk premium

Given the absence of a liquid market for longevity securities at present, estimating

a reasonable value for the risk premium is very difficult. The risk premium should be
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negative, as longevity bonds negatively react to changes in A (t), for which investors
would require a compensation (a lower price for the zero-coupon bond). Here, we
take a kind of worst-case scenario with ¢, = 0.1 to provide a lower bound to the
demand for longevity bonds in optimal individual portfolios. Figure 3 reports the
optimal consumption and investment profiles in this case. While investment in the
stock and the risk-less asset remain unchanged w.r.t. the base scenario, there is a
strong re-allocation between longevity asset and bond (even if their behaviour over
time is very similar). The bond has a positive share, which is mainly taken from the
wealth previously invested in the longevity asset, which now has a humped-shaped
profile, increasing up to almost 50% from the initial 40.5% before decreasing to reach
even negative values (-6.6%) at retirement.

Obviously, any negative value for the risk premium increases the investment in the
longevity asset. We performed the analysis by fixing ¢, = —0.25, a value which was
suggested as reasonable by Loeys et al. (2007) and that lies in the range of estimates
obtained by Bauer et al. (2010). The simulations show a pattern which is similar to the
base scenario, but the investment choices are tilted towards the longevity asset, whose
“speculative” attractiveness adds to the hedging motive. Initial investment reaches
more than 200%, and the additional allocation in the longevity asset is financed by

short selling the risk-less asset.

4.7. Sensitivity analysis: individual characteristics

We present here an analysis of the changes in the consumption/portfolio choices due
to: (i) the sex of the consumer /investor, (ii) the time horizon (7), (iii) the risk aversion

(0), (iv) the subsistence final wealth (R,,), and (v) the subsistence consumption (cy,).
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Table 2: Calibrated parameters of the mortality processes of individuals outside the base case scenario.
Parameter 60-yr old females 55-year old males

ay 5.6863 0.5659
o 0.0277 0.0243
oo 6.12- 10717 0.0002
b 13.0579 17.0836

91.9838 90.9065

Sex

We calibrate the stochastic mortality model to 60-year old US females, using the
same procedure we described in Section 4.4, and we consider the longevity asset to be
written on this mortality intensity. Parameters are reported in Table 2. Women should
invest a higher fraction of their wealth in the longevity asset (due to their longer lifetime
expectancy). The optimal share invested in this asset lies between 99% and 102% for
the first 4 years of the horizon and drops only at the very end to reach 37% in the last
month prior to retirement. This is due to the higher predictability of mortality rates,
due to the females’ higher level of mean reversion to the Gompertz law, which is due
to the lower variability of mortality rates displayed by females in the calibrated part of

the curve (survival rates from age 40 to 60).

Time horizon

Analysis of the consumption/investment profile of a younger individual, who is 55
at time to (parameters are reported in Table 2), with same fixed retirement age at 65,
reveals that demand of the longevity asset is above around 90% and slightly increasing,
from age 55 to 60. Consumption/investment decisions in the second part of the time

period (when the agent is aged 60 to 65) are in line with the base scenario. In the
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first 3-year period, instead, consumption stays on average almost constant, and starts
decreasing markedly around age 58. Investment in equity decreases in time, while the
share of wealth in the risk-free asset increases, from -55% to almost 100%. Investment
in the bond market is positive in the first 5 years, but drops from the initial 34.5%

down to around -30% before increasing in the last two years of the horizon.

Risk aversion

A smaller risk aversion (6 = 1.5) obviously increases investment in the stock, up
to an initial 37%. Also, it slightly increases investment in the longevity asset over the
whole horizon, with initial share at 88.6% (w.r.t. 88.1% in the base scenario). On the
contrary, a higher risk aversion (§ = 5) decreases investment in the stock (down to 11%
at time o) and in the longevity asset (87.7%). Apart from absolute values, investment

and consumption profiles approaching retirement are similar to the base scenario.

Subsistence final wealth

When investor has no interest in setting a minimum level of final wealth (i.e. R, =
0) Figure 4 shows that consumption progressively increases over time and reaches 100%
of wealth at retirement. Also, the investment profile is riskier, as the individual invests
initially 42% in the stock and around 30% in the bond. Investment in the longevity
asset is slightly reduced with respect to the base scenario, accounting initially for 71%

of wealth. The agent finances his investments by short selling the risk-less asset.

Subsistence consumption
When the agent wants to set a minimum consumption level (¢,, = 8, i.e. 8% of

his initial wealth, 2% less than his deterministic labour income flow) he assumes a
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more conservative behaviour. The initial investment in stock (12%) and bond (-16%)
are both lowered, while the share in the risk-less asset (18%) is increased w.r.t. the
base scenario. Investment in the longevity asset is almost insensitive, slightly lowered,
but still accounts for 86.5% of the initial wealth. Over time, the optimal portfolio

qualitatively behaves as in the base scenario.

5. Concluding comments

This paper derives the optimal consumption and investment profiles of an individual
prior to a fixed retirement age in the presence of longevity risk. The market is complete
and a derivative on the mortality intensity of the individual is listed. Investment in
such an asset is driven by three motivations: (i) speculation, if the risk premium is
attractive, (ii) diversification, if the asset is negatively correlated with other financial
assets, and (iii) hedging, as changes in mortality affect the discount factors of the
individual. When focusing on this latter factor, we calibrate our model to US real data,
and find that the demand for longevity asset might be relevant. The result is robust
across different individual types. We explore sensitivity with respect to mortality risk
premium, finding that the demand for the longevity asset is positive even when the
risk premium is comparable to the one required for stocks. Our results seem to suggest
that, alongside reinsurance of longevity risk, which is currently growing in volume and
number of transactions, there is potential room for involving individual investors in the
longevity market.

Here, we have numerically computed the relevance of a zero-coupon longevity bond,

but the optimal design of longevity securities needs to be investigated more deeply (as
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suggested by Cocco and Gomes (2012)). Further research is needed as well in order to
explore the impact of basis risk, i.e. the possibility that the longevity asset is imperfectly

correlated with the mortality intensity of the individual.
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Figure 1: Sample path of optimal portfolio with the values gathered in Table 1.
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Figure 2: Simulation of optimal portfolio with the values gathered in Table 1, 100 paths.
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Figure 3: Sample path of optimal portfolio with the values gathered in Table 1, with ¢, = 0.1.
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Figure 4: Sample path of optimal portfolio with the values gathered in Table 1, with R,,
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Appendix A Proof of Proposition 1

We solve problem (12) following the martingale approach. Its Lagrangian function

under constraint (13) is:

£:Et0

/T (¢(s) —em)' 0 o Jiy Pl PA @ g (R(T) — Ry)"™° o it (AW du
t 1-9 1—-46

0

+K <R (to) — Eq, {/ (c(s)—w(s)+or(s)E(s))m(to,s) e Jiy T A g

to

+ R(T)m (to, T) e—ft?(“)*A(“)d“]) , (A.1)

where the functional dependencies on z have been omitted for the sake of simplicity, x
is the (constant) Lagrangian multiplier, and all the expected values have been written

under the historical probability. The first order condition on consumption

oL T 5 — (% plu w)du — [ r(u w)du
et =B || (el caf T a0 50 ] o,
(A.2)

must hold for any state of the world and, accordingly, the optimal consumption at any

time s is

=

c(s) =cm+ (de (to, 8) e~ o "W elig p(u)du) . (A.3)
The same approach on final wealth gives the first order condition

ang) — By, [(R(T) = Ry)* e o P00y (4, ) 7 g 000X @] _

(A.4)
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and the optimal final wealth
7fT r(u)du fT (u)du _%
R*(T)=R,+ (/fm (to,T) e “to e'to”? > . (A.5)

When the constraint is rewritten at time ¢ (instead of ;) as follows

R(t) = E { /t (c(s) —w(s) +ar (s) E(s)) m(t,s) e J rFAWdugy

+ R(T)m(t,T) e*ffr(uwu)dﬂ , (A.6)

and the optimal consumption and final wealth are both substituted in it, we obtain the

following expression:

R(1)
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where

T T
H (t,2) = B [ [ (= ws) - on (/€ () e Ty e r<u>+k<u>du] |
t
(A.8)

T
F(t2) =E l / m(t,s)' % e~ J(FHrripea@)dugy |, (4 7y - ff(%”<U>+éﬂ<u>+A<u>>du] .
t
(A.9)
=3 o355 Ji €65

While m (¢, s)l_% is not a martingale, m (¢, s) is:
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Accordingly, we define the new probability
s 0-—1
aw (1) = Tf (t)dt +dW (t), (A.11)

and write

fT o ./;&S(%r(u,z)-&-%p(u,z)-&-)\(u,z)ﬁ-%%%ﬁ(u,z)'f(u,z))duds
(A.12)

+e ftT (%r(u,z)+%p(u,z)+/\(u,z)+% % %ﬁ(u,z)/f(u,z))du

The differential of (A.7), through Ito’s lemma, is (the drift term is neglected since

it is immaterial to replication):

=

dR (t) — () dt + 1 (K/m (t()? t) e_ftto T(u)due/tto ,D(u)du) - F (t, Z) 5 (t, Z)/ dW (t)

)
+ (Iim (th t) e ftto T(u)dueftto p(u)du) a

=

F,(t,2) Q(t, 2) dW (t)

+H, (t,2) Q(t,2) dW (t), (A.13)

where the subscripts on F'(t,z) and H (t,z) indicate partial derivatives. Once the

following relationship

R(t)— H (t,2)
F(t,z2)

1
= (mm (to,t) e Jig r(wR)du g fyg p(u’z)du> " (A.14)

is suitably taken into account, the differential equation becomes

R(t)—H(t, %)

3 £t 2) +

dR(t) = (...) dt+( R—FZ (t,2) Q(t,2) + H, (t,2) Q(t, z)’> dW (t).

(A.15)
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When ¥ (t,2) Is0s (t) + or (L, 2) is set equal to the diffusion term of (A.15), the

optimal portfolio in Proposition 1 is found.

Appendix B Proof of Proposition 2

Let y (t) solve the stochastic differential equation

dy (t) = a (B (t) =y (1)) ds + a\/y (H)dW (1) (B.1)

If x is constant, then the expected value [, [e‘x I y(“)du] can be written as the

exponential of an affine transformation of y (t), e P®~C®¥® whose differential is

d (e=D(O—C@)y(b)
et = [ -220 200, ) _ o a(a )~y )+ 1€ 02 | di—C W)W ),

xy(t)
(B2)

The drift differential equation can be split into two differential equations, one which

depends on y(t) and one which does not:

D (t)

0=""%

—C(t)ab(t), (B.3)

aC (t)

0= —
ot

y(6)+C (1) ay (1) + 5C (0 oy (1)~ xu (1) (B.4)

whose boundary conditions are D (1) = C'(T') = 0. C(t) is obtained as the solution of a
Riccati equation with constant coefficients, which is well known and given by (27). Once
C (t) has been computed, D (t) is obtained from the PDE (B.3) and the corresponding

boundary condition:

D(t) = oz/t B (s)C (s)ds. (B.5)
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