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Abstract Many-server queuing networks with general service and abandonment times have
proven to be a realistic model for scenarios such as call centers and health-care systems. The
presence of abandonment makes analytical treatment difficult for general topologies. Hence,
such networks are usually studied by means of fluid limits. The current state of the art, how-
ever, suffers from two drawbacks. First, convergence to a fluid limit has been established
only for the transient, but not for the steady state regime. Second, in the case of general
distributed service and abandonment times, convergence to a fluid limit has been either es-
tablished only for a single queue, or has been given by means of a system of coupled integral
equations which does not allow for a numerical solution. By making the mild assumption
of Coxian-distributed service and abandonment times, in this paper we address both draw-
backs by establishing convergence in probability to a system of coupled ordinary differential
equations (ODEs) using the theory of Kurtz. The presence of abandonments leads in many
cases to ODE systems with a global attractor, which is known to be a sufficient condition
for the fluid and the stochastic steady state to coincide in the limiting regime. The fact that
our ODE systems are piecewise affine enables a computational method for establishing the
presence of a global attractor, based on a solution of a system of linear matrix inequalities.

Keywords Abandonment Queueing Networks - Fluid Limits - Linear Matrix Inequalities

1 Introduction

Like all modeling techniques with a discrete state space representation, queuing networks
with an underlying dynamics based on continuous-time Markov chains (CTMCs) suffer
from the well-known problem of state space explosion. This makes large-scale models with
many jobs and servers very difficult to analyze in practice, since it leads to unfeasibly large
matrices in the case of numerical solutions [35] or to long runtimes when simulation is
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used. There is a vast literature concerned with techniques developed to tackle this issue,
based for instance on the exploitation of the presence of a product form for the stationary
distribution [3].

Another approach, which is the focus of this paper, is represented by studying fluid lim-
its for Markov population processes by means of ordinary differential equations (ODEs) in
the sense of Kurtz [20], known in the area of queueing networks also as the Halfin-Whitt
regime [14]. In this context, it is possible to identify a sequence of CTMCs characterized by
the same network topology but with increasingly larger job and server sizes that converge in
probability to the solution of the ODE system. In practice, this can be seen as an approxima-
tion technique where the CTMC’s state space is approximated by a continuous state-space
dynamics that estimates the average queue lengths in the network.

While the underlying ODE system can be solved much more efficient than the stochas-
tic process using numerical integration [2], a drawback of this approach is that convergence
holds for finite time intervals only. However, due to the theoretical and practical importance
of analyzing models under stationary conditions, there has been considerable interest in
studying when convergence can also be extended to the steady state. A crucial result, rooted
in Poincare’s recurrence theorem, states that the presence of a global attractor for the limit
ODE system ensures convergence [13,38]. This fact has been used to derive steady state re-
sults for different models in the literature, including models of virtualized environments [1],
grid computing [13], garbage collection algorithms [37], and optical packet switches [38].

In this paper we propose a computational method to study steady-state convergence in
the fluid limit for a class of queuing networks. In particular, we study many-server networks
with generally distributed service and abandonment times. We motivate this choice by the
fact that this class has proven to be a realistic model for real-world scenarios such as call
centers [12] and health-care systems [30], where abandonment is related to customer’s im-
patience, and in certain computing systems where instead it can describe the occurrence of
timeouts due, e.g., to network delays [36]. To keep the overall model a Markov population
process, we assume that service- and abandonment-time distributions are Coxian, which
allows us to model a general distribution with arbitrary accuracy (e.g., [8,6]). Moreover im-
portant, the limit ODE system has a piecewise affine vector field. This enables the use of the
theory of linear matrix inequalities (LMI) to conclude that the feasibility of an LMI problem,
which admits a computational treatment, guarantees the presence of a global attractor [33].
In case of exponentially distributed service and abandonment times, we additionally allow
the abandonment distribution to depend on the fact whether a customer is waiting or is being
served. This generalizes the common abandonment policy [28,29] where customers cannot
abandon while being served. As discussed, the feasibility of an LMI problem implies our
desired result of convergence. A positive side effect of a global attractor is that a solution of
the transient regime provides one also with the global attractor itself if the time interval is
chosen long enough.

Our approach is generic and thus can be in principle applied to networks with arbitrary
topologies and Coxian-distributed service and abandonment times. However, the number of
queuing stations and the number of Coxian stages lead to a growth in the number of affine
modes of the ODE vector field. This, in turn, impacts on the computational complexity of
the LMI feasibility problem. Therefore, we complete our study with an empirical evaluation
of our approach using a Matlab implementation. On a set of randomly generated networks,
we show that the LMI problem is feasible in a large fraction of cases for networks with
exponentially distributed abandonments, albeit with a tendency to degrade as the number
of stations or the number of stages grow. In particular, we establish that the LMI approach
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applies also to the common policy where customers cannot abandon while being served [28,
29].

Related work. Due to the lack of closed form solutions for queueing systems with general
service, one usually resorts to efficient numerical algorithms [32] or to fluid and diffusion
models [7]. The situation is similar in the case of abandonment networks, where no ana-
lytical solutions are known even if the service, arrival and abandonment times of those are
assumed to be exponential [28].

Fluid models are rooted in the functional law of large number and are deterministic,
while diffusion models are based on the functional central limit theorem and depend on
higher order moments of the service, arrival and abandonment times [10]. Although there
exists a considerable amount of literature on diffusion models of many-server queuing net-
works and limiting regimes of single-server queues (see [10, 17,9] and the references therein
for more on this topic), in the remainder we relate our work to fluid models of many-server
queuing networks, as they are the closest to the topics of this paper.

Mathematically, fluid models are in general described by means of coupled integral
equations and, in the classic setting, they approximate the number of customers present in
the queues of a network; see, for instance, [28,29] which covers Markovian many-server
time-dependent queuing networks with abandonment. In contrast to [28,29], in our model a
customer can abandon while being served. In the case of call centers, this can be motivated
by the fact that a customer has an appointment at a certain time, while in performance re-
lated models customers are jobs/files and abandonment times are timeouts. Because of this,
our fluid limits are not comparable to those in [28] in general. In order to cope with general
service-, arrival- and abandonment-time distributions, one has to keep track of the waiting
times of each customer in queue as well as of the amount of time each customer has been
in service. This idea has been used in [39,24,26] to establish a fluid limit result for a single
queue with general service and abandonment times and yields a deterministic model than
can be solved efficiently. Among stimulating further results for the single queue case [27,
23,22], this works were pivotal for [25,21] in which a fluid model for a time-dependent
general network with abandonment and the underlying numerical algorithm for its solution
were considered. In contrast to [24], however, [25,21] do not establish that the fluid model
is a limit of the stochastic queuing network. By considering a slightly different state de-
scriptor, [19,18] tackle this problem by using a measure valued stochastic process. They
are able to establish a fluid limit which is characterized by a set of coupled integral equa-
tions. In contrast to [25,21], the network is time-homogenous but the routing of internal and
external customers may be different. Unfortunately, the characterization of the determinis-
tic model [18] is implicit and does not allow for a numerical solution; also, it is not clear
whether [18] can be used to prove the convergence in [25], due to the differences in the state
descriptors.

Paper organization. This paper is structured as follows. Section 2 introduces our reference
CTMC model of an open queuing with many-server queues with Coxian distributed ser-
vice and abandonment times. Section 3 develops the fluid limits. We consider the following
cases separately. First we present the case of exponential distributions for both service and
abandonment, in Section 3.1; this represents the simplest case, and allows us to clearly
point out through an example that the feature of abandonment is necessary for our proposed
computational approach to yield feasible LMI problems. Then, Section 3.2 considers the
case of Coxian-distributed abandonments, while Section 3.3 discusses the case of Coxian-
distributed service and abandonment times. This order allows for a concise presentation.
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For each case we discuss their computational complexity which we measure in terms of
number of affine modes of the vector field and matrix sizes. Section 4 presents the main re-
sults concerning the convergence to the fluid limit, while Section 5 shows the results of the
numerical evaluation. In Section 6 we extend our exponential model to the case where cus-
tomer abandonment times in service may differ from the abandonment times of customers
that are waiting. By carrying out a numerical investigation similar to that of Section 5, we
are able to relate our abandonment policy to the common one [28,29]. Finally, conclusions
are drawn in Section 7.

2 Stochastic Model

Here we describe the underlying CTMC of an open queuing network with many-server sta-
tions with Coxian-distributed service and abandonment times. To each station we associate
exactly one queue with infinite capacity. We assume the FCFS policy and that a customer
can abandon while being served. In the case of call centers, this can be motivated by the fact
that a customer has an appointment that he or she cannot miss, while in performance related
models timeouts may not be related to the current work progress. Let n > 1 denote the
number of stations and (r; ;)1<;, j<n such that r; ; denotes the probability that a customer
joins queue j after being served at station . We assume that any two stations of the network
are connected by a path whose probability is nonzero. Let I"* > 0 denote the intensity of
the independent Poisson arrival process associated to station i (where " = 0 means that
station 4 has no arrivals) and let k; > 1 be the number of stages of the Coxian-distributed
service times. The corresponding service rates are given by a vector pt = (p};)lg E<kis
where p& € (0;00) is the service rate at stage k, and a vector p’ = (p};)lgkgki,l where
pfc > 0 is the probability with which a job goes into stage k + 1 after receiving service at
stage k. Naturally, 1 — p§C is the probability with which service is completed when at stage
k; a job leaves the station from stage k; with probability 1. In order to simplify later expres-
sions, we define p}§1 := 0. Similarly, the Coxian-distributed abandonment of station ¢ has
I; > 1 stages and the underlying parameters are A’ = ()\f—)lglgl“ q = (qf)lglgli_l and
qlit = 0.

The state of station i is fully characterized by the vector (Xsli7XC’7'c, ,)1§k§ki,1§l§li
where each element is a nonnegative integer denoting the following: 7

- ch l is the population of jobs which are in abandonment-stage [ and that are either

waiting for service or which are in service-stage 1;
- Xgi is the population of servers which are either idle or servicing jobs in service-stage

1of any abandonment-stage [. That is, the servers X i are shared by X Ciyreee X i ;

- ch, with & > 1 and 1 < [ < [, is the population of jobs in service- stage k and
abandonment-stage [ which are served.

From the above state description one readily infers that the number of jobs and servers
. . .. ki l; ‘ ‘ ki 1; .
in station ¢ is given by > ;" | > L Xe;  and Xg; + Yoria >ty Xei s respectively. In

. . . (kili+1) .
particular, the network state descriptor is a vector from NOZI( 1 in the form
X = (XS%,XC;; l)1§ign,1gk§ki,1gzgli-

We now define the transition rates of the CTMC, in the customary form of jump vec-
tors and associated transition functions from a generic state X. We denote by ¢(X, X') the
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transition rate from state X to state X’. Consider some station 1 < ¢ < n and define, for all
1<i<ljand1<j<m,

X+h1z—(Xci,_17Xs;'_17XC;37,+1a---)7 1)
X+h1’Jl=(Xc» —1Xp +1..), forall j#i, (2)

+hyy = (X chcm+1,...), forall 2<k<k;—1, (3
X+hl’j_(Xcm 1XS7+1X +1,), for all 2§k§k‘“ (4)

where we use ellipsis to denote all elements of X which are not affected by a jump. Jump (1)
describes a job in service-stage 1 which moves into service-stage 2; (2) describes a job in
service-stage 1 which completes service and moves into another station j; (3) denotes a job
in service-stage k& which moves to the next stage, whereas with (4) the jobs complete service
in service-stage k of the Coxian, with the job moving to station j and a server unit becoming
available again at service-stage 1 for a new service.

This defines the jumps induced by the service. For the abandonment and arrivals, instead,
we define forall1 <:<n

x+h};‘§:(x%lf1,xci +1,...), forall 1<k<k; 1<I<l—1, (5

k,l+1
X +hiy = (Xgi, = L) forall 1<1<1;, (6)
X+hv‘:(xci 1L X+ 1), forall 2<k<k;, 1<1<l, (7
X +htt = (Xei, +1,..), ®)

where jump (5) describes a job which is moving from abandonment-stage [ to abandonment-
stage [+1 and (6) - (7) express the fact that a job leaves the queuing network in abandonment-
stage [; finally, (8) describes the arrival of a new job to the network.

According to this description and notation, the transition rates from any state X are, for
all 1 < 14,5 < n, as follows:

a(X, X+h§’fl) =f(X, hﬁ) :=phpf max (min (Xc,liyl Kgi— Y Xci ) p )
I+1<I<l;
q(X,X+h l) f(X hZ’J) Ti’j(l—pli)uzi max(min (XC{”ﬂXS{'_ Z XC1 »
I+1<l'<ly

for j # 4; moreover, we have
Q(X: X+ hjc’)ig) = f(X: h;;fl) = pi;,u?cXC};,l:
o(X, X+ 1)) = F(X,hy) = v (1= pi)ui Xy
¢(X, X +hi)) = f(X,hy)) = qlxlxcl E
a(X,X +hi7) = (X, hiy) = (1 - g)A Xy
¢(X,X +h"") = f(X,h"") =1,
Apart from the service rates of the service-stage 1 given in (9), all definitions are straight-

forward. To shade more light on the former, let us define

l;
D=min {1 <U<L+11Y Xor < X}
1,1/
U=l
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and observe that the service rate of service-stage 1 of abandonment-stage [ satisfies

l;
1§ max (min (XC';'JvXS{ - Z ch,u)’o) =

I'=Il+1
0 J1<i<i-1
= $t (X - T iXor, ) oai=i-1
uﬁXc;,l S A<I<y

From this we infer that jobs in abandonment-stage [/ are served after those in abandonment-
stage I’ with 1 <[ < I’ < I;. For instance, let us assume that we are given k; = 1and l; = 3
w1tn XC{,J = 2, ch : 3, Xciﬁ = 4 and Xs;? = 5. Then, tne service rate of XC_‘{',g
is pf max(min(XCi X ,51)) = 4uj, the service rate of Xci is pf max(min(Xci St —
Xei )) = 44 and the service rate of X¢i s ph rnax(mm(Xcl Xgi—Xei | Xcl )) =
0. That is, the 5 servers available at statlon i serve all 4 jobs of abandonment stage 3, one of

the 3 jobs of abandonment-stage 2 and none of the 2 jobs of abandonment-stage 1.
The CTMC is completely characterized by above transitions and an initial condition

X(0) = (X5¢(0): Xy, (0)y it chsrin<ict,
We denote the CTMC by (X(t))+>0, where

X(t) = (X (t)v‘XC,i,l(t))1§i§n,1§k§ki,1§l§li'

Although general initial conditions can be chosen, we require in the sequel that no jobs
are served in Coxian service-stages greater than 1 at time point zero. This is without loss
of generality but simplifies the exposition, because it ensures that the number of servers in
station  satisfies X g (t)—i—zg":Q 25‘:1 Xci,z (t) = Xg:(0) forall t > 0, see also Remark 1
and the following discussion.

Let us remark that our model can also cover infinite-server (i.e., delay) stations, by
setting S% (0) := oco. (Formally, one has to remove S} from the state descriptor and resolve
the minima in the equation (9).)

3 Fluid Limit

We are now ready to develop the fluid limit according to Kurtz [20]. Given a model, we
consider a vector of initial densities in the form

x(0) = (S{(O)’C’i’l(o))1§z‘§n,1s1csm,1glszi

with Cf, ;(0) = 0 forall 2 < k < k;, C{ ;(0) > 0 and S} (0) > 0. Using this initial vector,
we construct a family of CTMCs, {(X ~(t))e>o0 | N > 1}, by setting the initial state of the
N-th CTMC to be X5 (0) = | N - x(0)] with probability 1, where |-] is the floor operator
element-wise. Let us remark that N takes the natural interpretation of the system’s size.
With this scaling, the number of servers increases directly proportionally to the number of
jobs for each N, maintaining the relative ratios dictated by the initial densities in x(0). In
order to keep up with the increasing service capacity, we define I'" := ~"N to be the arrival
rate of the N-th Markov chain (X (t))¢>0. Then, the following result can be shown.
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Theorem 1 Fix arbitrary T, e > 0, let H denote the set of all possible jumps of (X (t))¢>0
Sfrom (1) - (8) and let x(t) be the ODE solution of

Ex(t) = F(x(®) = 3 b 7(x(1),h) (10)

heH

1
Then, it holds that li P —Xpn(t) — x(t =0.
en, it holds that lim {oiltlgT“V N(t) = x(t)| > €}

Proof. Observing that for any h € H the function x — f(x,h) is a sum of linear factors
and minima or maxima thereof, it becomes apparent that x — f(x) is a globally Lipschitz
continuous function. Hence, a direct application of Theorem 3.1 from [20] yields the claim.

O

That is, the rescaled CTMCs converge in probability, as N — oo, to the ODE so-
lution x. The fluid solution can be used as an approximate to the average behavior of a
CTMC with finite size N, e.g. the average number of jobs at station i is approximated by
N( ZZ=1 Z§=1 C}C 1(t)). Note, however, that the above result ensures convergence only on
finite time intervals, meaning that it does not necessarily imply the interchange of limits

. . 1 . . 1

ym fm X () = lim lim X ()
In the next sections, we tackle this problem by identifying a sufficient condition that can
be evaluated by means of efficient numerical algorithms for many queueing networks under
study. Before doing so, however, we next derive the fluid models of our queuing networks.
In particular, we separately discuss the fluid models of networks where service times or/and
abandonment times are exponentially distributed. In the cases of exponential queuing net-
works, i.e. when k; = [; = 1 for all 1 < ¢ < n, the exposition greatly simplifies and the
ideas behind the theory of LMIs become apparent. In particular, we will see that the pres-
ence of abandonments in the network is a necessary condition if one wants to use the LMI
theory to prove that the stochastic steady state coincides with the global attractor of the ODE
system in the limiting regime.

3.1 Networks with exponentially distributed service and abandonment times

In the case where k; = [; = 1 for all 1 < ¢ < n, it can be easily shown that the underlying
fluid model is given by

n
C' = =N'C' = p'min(C", 1) + > i min(C7,8]) +4",  1<i<n (D)
j=1

where we use the dot notation to indicate derivative with respect to time, and drop the explicit
dependence on time in the ODEs.

Let us denote the drift (10) in the case of the above ODE system by f, with concentra-
tions Sll, ..., ST and rates Ai, ui,fyi, where 1 < i < n, being fixed. Since f is piecewise
affine, there exist affine functions f1, ..., f; and a partition {Ay, ..., A.} of R" such that
f(C) = fi(C) whenever C € A,;. By expressing each affine function f; in terms of the
underlying matrix A; € R™ "™ and vector b € R", that is f;(C) = A;C + b; for all
C e R", it can be proven [33] that the ODE system C = f(C) admits a global attractor
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Fig. 1: Pictorial description of a tandem network with Poissonian arrivals and many-server
queues that admit exponentially distributed service and abandonment times.

if there exists a symmetric positive definite matrix P € R™*" which makes the matrices
PA; + AlTP, ..., PA, + AZP negative definite. That is, we look for a symmetric matrix
P > 0 which solves the system of linear matrix inequalities (LMIs) PA; +AiTP < 0, where
1 < i < n. If the LMI system does not admit a solution, instead, it is unknown whether the
ODE system has a global attractor or not.

Let us illustrate the procedure in the case of the tandem network given in Figure 1. Since
the underlying ODE system is given by

¢l = ACT — (171! min(CY, S1) + 721 pu® min(C2, 53) + 4!
C?=-NC?+ r1,2u1 min(Cl,S%) —(1- 7«272)”2 min(C2,S12) + 'y2,
the corresponding sets A; are given by
Al ={(Cc,c*) eR?|Ct < ST AC? < 5P}
A2 ={(C',C*) eR?|C' > SLAC? > 87}
AP ={(C',C?) e R | C < ST AC? > 87}
A* = {(C1,CY) eR? | C' > ST AC? < 87}

Consequently, the underlying matrices are
A = A= (=)t r2,1p? Ay = -l 0
1 r1,2ﬂl _)\2 _ (1_T2,2)M2 ) 2 0 _)\2 )

7)\1 — (1 — 71 1),LL1 0 7A1 T2 1#2
Az = ’ , Ag= ’
3 ( r1out 2 4 0 22— (1—roo)p?
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and the ODE system is guaranteed to have a global attractor if there exists a symmetric
positive definite matrix P € R2%2 such that PA; + A?P < Oforall 1 <i < 4.Itcanbe
shown that a single LMI PA + AT P < 0 has a solution if and only if all eigenvalues of A
have negative real parts [34, Section 1.2]. Consequently, if one of the matrices A1, ..., Ay is
not invertible, the LMI system cannot have a solution. This, however, is the case for the LMI
system of the tandem network given in Figure 1 if \' = 0 or A = 0. Since this calculation
carries over to networks of arbitrary size and topology, we conclude that queuing networks
with feasible LMI systems need to have abandonment, an observation which is pivotal for
the entire paper.

3.2 Networks with exponentially distributed service times and Coxian-distributed
abandonment times

In the case where k; = 1 for all 1 <4 < n, it can be easily shown that the underlying fluid
model is given by

C{ = f/\ZiC{' — /f max (min (C’f-,Si - ZZZ Cﬁ),O)

=2

n lJ . . . lJ . .

+er7izlujmax(min (C{,S{f Z CZ/),O)+,71
=1 1= =141

l;
¢ = —\iCt — i max (min (c;,si -3 c;,)70) fa N0, 2<i<y
l'=l+1

Together with [ := min{l <1 <l;+1] Z;?Zl Cli, < S{}, the service rate of the I-th
phase satisfies

L 0 1<l<i—1
_ ' o . o 1 . N
,ulmax(mln (Cf,Sif E C’ﬁ),O) = u’.(Si—Zl,:[C’l’,) , l~:l—1
=il e A<i<y

Consequently, queue i contributes [; 4+ 1 piecewise affine modes, meaning that the overall
number of matrices underlying the drift is equal to []"_, ({; + 1). Moreover, the dimension
of each matrix is (3_;", 1;) x (3or_; li).

3.3 Networks with Coxian-distributed service and abandonment times

In order to simplify the exposition, we define qé := 0 forall 1 < i < n. Also, recall that
q, = py,, = 0. Then, it can be shown that the fluid model is given by the following ODE
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system.
G = ALy~ it max (min (Ch, 81 - 3 ¢10).0) "
=2
n lj X . . : lj 1
+ Tji [(1 —pjl)ujl max (mln (C{,l’ S{ - Z Civl/) ’ 0)
j=1 =1 V=i+1
k;

3o pulcl|
k=2

l;
v 3y i . i o i i i
Ci; = —NCq, — pp max (mln (01,1, S1 — Z Cl,l/)ﬁ) +q—1N-1C1 -1,
U=i+1
l;

li
$1=—pi > i max (min (€81 - Y cin).0)

=1 '=Il+1
+ 305 (= pR)skCiy + (1 - gL ),
1=1k=2

I
Chy = =M Chy = 1sChy + phit max (min (Cf,, 81— 30 ¢ir).0)
'=Il+1
+ g1 AN1C5 1,

Cru=—NChi— piChi 4 ph—10k—1Ck—1 + dl—1M—-1Ck 1—1,
We make now the following important observation.

Remark 1 Note that (12) characterizes the fluid equilibria in full only if the initial condition
is known. In particular, it holds that S} + le:z Z§=1 C}i,l = 0forall 1 <i < n.However,

by setting S* = S% + ZE’ZQ Zé’zl C,i, ;> it is possible to characterize the equilibria solely
in terms of ODEs by removing the ODE of St from (12) and by applying S§ = S° —
22;2 Zél:l C'.1 to each occurrence of S7, with 1 <4 < n.

It is exactly the modified ODE system from Remark 1 to which we will apply our re-
sult from the next section. That is, after fixing the server concentrations in each station and
rewriting the ODE system as in Remark 1, we seek to establish the presence of a global at-
tractor using the LMI theory. In the case this can be done, we infer that the system converges
to the global attractor regardless of the initial concentration of the clients.

We end this section by discussing the complexity of the underlying fluid model. Simi-
larly to the case where only the abandonment times were assumed to be Coxian-distributed,
by setting

l; ki i
[::min{lglgli—l—HZCil/ gSZ—ZZC,’;J}

U=l k=21=1
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we observe that the service rate of service phase one of abandonment phase I-th satisfies

ki 1 l;
4é max (min (c;’,bsi SN Y c{vl/),o) -
k=21=1 I'=Il+1
0 Jl<i<i—1
i i k; l; i l; i 7
=t (8" - L XL Gl - Xy Cly) i=1-1
.uilci’l ) ZS l < li

Thus, queue 7 contributes I; + 1 piecewise affine modes as before, meaning that the size
of the LMI system is equal to []7"_, (l; + 1). By making also the service times Coxian-
distributed, however, the size of the ODE system and the matrices increase to 2?21 lik;

and (37| ki) x (300, lik;), respectively.

4 Analysis of the Steady State Regime

Under the assumption that the ODE system (12) admits a global attractor x*, we next prove
that the exists a sequence of steady-state measures (7 )y underlying (X (t)/N)y that
converges, as N — oo, to x*. Afterwards, we provide numerical evidence for the fact that
the condition on global attraction holds true for a rich class of queuing networks.

Proof strategy. Due to the fact that the CTMCs (X (¢)/N )y have countable infinite state
spaces, the common proof strategy [38, 16] does not apply. We address this by showing first
in Proposition 1 that there exists a sequence of steady-state measures (7 ) underlying
(Xn (t)/N) N by using results from the stability theory of Markov processes [31]. Building
on that, we then prove in Theorem 2 that the aforementioned sequence is also tight. Armed
with this, we extend the proof in [38, 16] and establish our main result, given as Theorem 3.

Proposition 1 Let (X (t)):>o denote an irreducible CTMC with a countable state space in
Ng and qu,w be the transition rate from v into w, where we assume that each state v has a
positive, finite number of successors w. Define the drift in v with respect to some measurable
Sfunction g : R%o = Rxgasdg(v) =3 (9(w) — g(v))qu,w and assume further that
g satisfies the following conditions.

WIWHAV

1. g(v) = coasv — oo

2. There exists a finite K C N¢ and ¢,d > 0 such that dg(v) = Do (9(w) —
9(v))qvw < —cg(v) + d for all v

3. It holds that |dg|(v) == 3", ., 2, l9(w) = g(v)|qv,w = O(g(v))

Then the CTMC is positive recurrent and the unique steady-state measure w is such that

Ex[g(X(0))] < co. Moreover, it holds that 0 = Y w(v)dg(v).

Proof of Proposition 1. The ergodicity of the CTMC and the fact that Ex[g(X (0))] < oo
are due to Theorem 7.1 of [31]. Moreover, Theorem 2 of [15] ensures that

t t
Ea[goc(t))]:Ea[g(xmmma[ / dg<X(s>>ds] ~Ba[X(O)]+ [ Ealdy(X())is
(13)
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if Ealg(X(0))] < oo, meaning that Eq[|dg|(X(2))] = >, Pa(X(¢) = v)|dg|(v) <
>, Pa(X(t) = v)g(v) = Balg(X(t))] for some ¢ > 0. Thus, (13) and Gronwall’s
inequality ensure the existence of some C' > 0 such that Eo[g(X (¢))] < Ea[g(X(0))] +
C(et — 1) for all t > 0, which readily implies that s — Eq[dg(X (s))] is integrable on
any compact interval. Hence, the fundamental theorem of Lebesgue calculus and (13) imply
that o [g(X)] = Ea[dg(X)] almost everywhere on R . The last claim then follows from

Ex[g(X(#))] = Exldg(X(1))] = 22, Pr(X (1) = v)dg(v) = 32, m(v)dg (v). N

Using Proposition 1, we can prove that our networks induce a tight sequence of mea-
sures.

Theorem 2 For each N > 1, the N-th queuing network (X (t)/N)t>o has a steady-state
measure . Moreover, the sequence (wn )N is tight, meaning that for any € > 0 there
exists a compact set K. C RZi=1 1% gych that 7 (Ke)>1—cforall N > 1.

Proof of Theorem 2. Recall that the populations X i can be removed from the state de-
scriptor X by fixing an initial server population X g: 'thanks to the relation X gi =X si T
Zk 9 Zl 1 Xcl . Thus, one can assume that X = (Xcl )1<Z<n 1<1<l;,1<k<k;- In the
followmg, Z and Z' denote states of (Xn(t)/N)i>o, whereas 9gci (Z) = Zg;  and

ZC?;,: 9ci - Further, let FC;Z be the ODE formula which refers to the change of
Xci l(t)/N in time, e.g.

l;

oy, (2) =~y max (min (Zg, 2= 303 20y, = Y Zey,)00)

k=21=1 U'=i+1
_)‘IZC” +ql 1)\[ 1Z01

=1
Note that the fluid approximation is given by the equation
> (9c; ,(Z') = 9¢; (Z))az,z: = Fe; (Z)
7.7/ £Z '

Similarly, it can be shown that 0,7/ 7 |90: (Z )— 9ci (Z)|qz, z arises from Fei (Z)

by turning any minus into a plus. Note that the latter 1mphes the third condition of Proposr—
tion 1. The former, instead, induces

ZFC' Z > (901 ,(2") = 9¢; ,(2))az,z:
Cha

| 212/ 4T
= Z > 9c; (Z) = 9¢; (2)az.z
Z1ZAL O,
= > (9(Z) - 9(2)azz = dy(Z).
7.7/ A7

Consequently, it suffices to find some ¢, d > 0 such that ZC, Foi (Z) < CZC, Zoi ,+
d for all Z in order to infer the second condition of Proposmon 1. For this, we observe that

ZFC‘ )< —(1-9)A ZZcz +yz=-(1-9Ar-9(Z) + 75
Chin Ci.
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where 7 := max{q} | 1<i<nAl<I<L}A:=min{\ |1<i<nAl<I<I}
and vy =" | ~*. Since g satisfies also the first condition of Proposition 1, we can apply
the latter to infer the existence of 7. To see the second part of the claim, we define K. :=
[0;1/]2i=1 k% and observe that for any 1 > 0 there exists a sufficiently small ¢ > 0 such
thatdy(Z) < —(1-9)A-9(Z)+vs = —(1-9X | Z]1+7x < —n+(n+7x)- 1k, (Z) forall
Z. This yields >, mn(Z)dy(Z) < —n+(n+~x)mn (K:). Thanks to Proposition 1, it holds
that Y, 7n(Z)dg(Z) = 0 and we can use the idea from [11] to infer —L— < 7 (Kz).

n+vs
Since the choice of & does not depend on NN, the proof is complete. O

Armed with Theorem 2, we are able to extend the proof strategy used in [38,16] to the
case of our networks.

Theorem 3 Let us assume that the ODE system underlying the network family (%X n (t))¢>0
has a unique global attractor x*. Then, for any § > 0, it holds that

. . 1 *
lim lim P{’NXN(t) ¢

N—oot—00

>5}:0

Proof. The following proof is a modification of the proofs given in [38,16] which, in turn,
are based on [4]. Let xx(¢) denote the ODE solution subject to xx(0) = x. Further, for
any A C ]Rg(’)" Fili e define Xi'(t) ={xe Rg& hali | xx(t) € A}. Thanks to the The-
orem 2, we know that there exists a sequence of steady-state measures () underlying
(#Xn(t))t>0 that is tight. Hence, we can use Prokhorov’s theorem to fix a subsequence
(mn, )i of (mn)n which converges weakly against some measure 7. Next, we show that 7
is a steady-state measure for x(t), that is ﬂ(xgl(t)) = 7(A) for any Borel-measurable set

Aof R§5 Fili and ¢ > 0. Obviously, m(x 4 (t)) = m(A) is equivalent to

/Rg, v LaOc(t))m(dx) = /Rzi o, La(@)m(dx) (14)
>0 S6
To show the above equation, one first proves that

/R& oL, 9(xx(t))m(dx) = /Rzi - g(z)m(dx) (15)

holds true for any bounded uniformly continuous function g : Rgg Fili _ R. The corre-
sponding proof can be taken verbatim from [16]. Having this, we observe that, for any € > 0,
ge(+) := min (1,d(-, A)/¢)) is a bounded uniformly continuous function, where d(x, A) :=
inf{d(x,a) | a € A} denotes the Euclidian distance between x and A. This holds true be-
cause |d(x,A) — d(y, A)| < d(x,y). (To see this, note that d(x,a) < d(x,y) + d(y,a)
for any a € A; taking infimum over a € A yields then the inequality.) Thus, by applying
the theorem of dominated convergence, we infer that [ ge(x)w(dx) — [ 1 4(x)m(dx) as
€ — 0. This and (15) implies the desired equation (14). Let us denote in the sequel the
closed ball around x* with radius € > 0 by Be(x*). Thanks to the fact that x* is a unique

global attractor, for any ¢ > 0 and any compact set X C Rg& Fili there exists a t > 0 such
that x i (t) := {xx(t) | x € K} C B:(x"). Since this im_plies K C ngl(x*)(t) and, by
Theorem 1.4 from [5], there exists for any n > 0 a compact set K, such that m(K;) > 1—n,
we infer that for any €,7 > 0 there exists a ¢ > 0 with W(Xgal(x*) (t)) > 1 — n. Noting that
this and (14) imply W(Bg(x*)) >1—nforalle,n > 0, this yields 7 = dy+, Le. (7y)nN
converges weakly to the Dirac measure dy+. This and the proof of Theorem 5 in [38] yield
then the claim. O



14 Max Tschaikowski, Mirco Tribastone

Note that if x = F(x) admits a global attractor, then F(x) = 0 has a unique solution,
namely the global attractor itself. Although the converse is not true in general (consider,
for instance, the single ODE & = x), it is interesting to ask whether our ODE system is
such that F(x) = 0 has always a unique solution. We study this question in the case of
exponentially distributed service and abandonment times. The next proposition states that
there exists always a solution; uniqueness, instead, is shown under an additional assumption.

Proposition 2 Let x = F(x) denote the ODE system of (11). Then, the system of equations
F(x) = 0 admits a solution. Moreover, if min; r; ; = p, then F(x) = 0 admits a unique
solution if 2(1 — p) max; p* < min; A"

Proof. Together with RT = (r; ;)i j, Tc = (u' min(|C*[,81),..., u" min(|C™|,S™)),
ATHX) = (XA, X" /A™) and v = (v, ... 4™), the equation F'(C) = 0 rewrites to
A"YH((RT —I)Tc 4 ~) = C. Let us consider the function

6:R" 5 R", Cw— A ' ((R" —I)Tc +7)

Thanks to Schauder’s fixed point theorem, © has a fixed point, meaning that F(x) = 0
admits a solution. Further, it holds that

[6(C) — (Tl = A" ((R" = I)(Tc — Tcr))
=2\ ((RT = D) (Te — Tl
IATH((RT = 1) hlITe - Tl

max; p'

IN

IN

T /
-||R" — I||1]|C — C'||1,
e 1B 1l - <
meaning that Banach’s fixed point theorem ensures the existence of a unique equilibrium if
the assumption is fulfilled. O

For instance, if a customer is redirected to the same queue after being served in at least
75% of all cases, then the condition in Proposition 2 rewrites to max; ui < 2min; \* which
says, essentially, that the average patience of a customer lasts twice as long as the average
service time.

Note that the assumptions made in Proposition 2 are used to invoke Banach'’s fixed point
theorem, thus they do not provide one with further insights to the model but are merely a
sufficient condition for the proof of the proposition to go through. At the same time, however,
all models that have been considered by the authors seemed to have unique equilibrium
points. Although it would be interesting to extend Proposition 2 to networks with Coxian
service or abandonment times, the proof seems not to generalize.

5 Numerical Assessment

In this section we provide numerical evidence that the existence and uniqueness of a global
attractor can be successfully established through an LMI feasibility problem.

Before doing so, however, we first demonstrate our approach on the queueing network
depicted in Figure 2. Its 2-Coxian services are given by the rates (u},ud) = (2.0,0.2),
(11, p3) = (1.0,0.2), (uf, 43) = (0.5,0.2), (u1, p3) = (1.0,0.2), (u3,3) = (0.5,0.2)
and the probabilities pi = 0.1, p? = 0.2, p3 = 0.3, pT = 0.2, p} = 0.3. Instead, the
2-Coxian abandonments are given by (Ai,A\%) = (0.2,0.2) and ¢} = 1.0, where 1 <
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Fig. 2: Case study queueing network with 2-Coxian service and abandonment times.
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(a) Clients in Station 2

(c) Clients in Station 4 (d) Clients in Station 5

Fig. 3: ODE solutions underlying the network from Figure 2. Solid lines, dashed lines and
dash-dot lines refer to initial conditions a), b) and c), respectively. The trajectories of all
three initial conditions converge to a common attractor.
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Exp/Exp  2-Cox/Exp  Exp/2-Cox 2-Cox/2-Cox

# Queues ‘ Feas. Time ‘ Feas. Time ‘ Feas. Time | Feas. Time
3| 99% Os | 98% Os | 91% Os | 83% 0Os
4| 99% Os | 98% Os | 92% Os | 69% 2s
51 99% Os | 98% Os | 66% Is | 44% 31s
6| 99% Os | 98% Os | 48% 10s - -
71 99% Os | 96% Is | 41% 75s - -
8 | 98% Os | 89% 5s - - - -
91 89% Is | 83% 24s - - - -

10 | 88% 4s | 81% 75s - - - -
11 | 88% 16s - - - - - -

Table 1: Percentage of queuing networks for which global attraction could be established
through an LMI feasibility problem. The header row shows which combination of service-
and abandonment-time distribution was considered.

i < 5. The arrival rate to station one was set to 5.0, while the initial concentrations of
the servers were chosen to be S1(0) = 1.0, S7(0) = 2.0, S3(0) = 3.0, S$(0) = 2.0,
572(0) = 3.0. We remark that if ¥;° and Y;* denote the random variables describing the
service and abandonment times in station 1 < ¢ < 5, respectively, the above parameters
yield E[Y{°] = 1, V[Y®] = 5, E[Y$’] = 2, V[v5’] = 10, E[Y5] = 4, V[v§’] = 20,
E[YS] = 2, VY] = 10, E[YZ] = 4, V[YZ] = 20 and E[Y;] = 10, V[Y;] = 50, as can
be easily shown by invoking the Laplace transform [35, Section 7.6.7].

The fluid model (12) of our network has 25 ODEs. However, as discussed in Remark 1,
by fixing the initial server concentrations, the ODE system can be rewritten into one of size
20 by eliminating the ODE variables S1, ..., S7. The remaining ODE variables are thus
those of the clients (C{"M C{’Q, Cé'_’l, 05"2)1955. Figure 3 depicts the total client concen-
tration Cil + C71;72 + Céyl + C§72 present in station ¢, where 2 < ¢ < 5, for the following
three initial conditions:

a) C1(0) = 1.0, C(0) = 2.0, C$(0) = 3.0, C(

0)
b) C1(0) = 1.0, C#(0) = 1.0, C3(0) = 3.0, C{(0)
¢) C1(0) =1.0,C%(0) = 0.5, C3(0) = 3.0, C£(0)

4.0, C7(0) = 5.0 and 0 otherwise.
5.0, C7(0) = 5.0 and 0 otherwise.
6.0, C7(0) = 5.0 and 0 otherwise.

The trajectories in Figure 3 suggest that the ODE system admits a global attractor. Indeed,
using the Robust Control Toolbox version 5.2 of Matlab version R2014b, it is possible to
show that the LMI system underlying the ODE system is feasible, i.e. has a solution. (The
underlying LMI solution is in R2°%20 and is omitted due to space reasons.) This ensures
that the attractor found by solving the ODE system for a), b) or c) is a global attractor and
that any initial client concentration will converge to it. More importantly, Theorem 3 allows
us to conclude that the sequence of steady-state measures converges to the global attractor.
Since Theorem 3 can be applied only in the presence of a global attractor, we next
provide numerical evidence that the existence and uniqueness of a global attractor can be
successfully established through an LMI feasibility problem. For this, we constructed LMI
systems of 100 queuing networks with randomly chosen parameters for a fixed network size,
which we varied from 3 to 11. For each network we randomly generated the mean service
and abandonment times such that 1/E[Y;°] ~ ¢/(1.0;3.0) and 1/E[Y;/"] ~ 4/(0.001;2.0),
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where U(a; b) denotes the uniform distribution on interval (a;b). This means that the av-
erage patience of a customer lasted twice as long as the average service time. Then, we
considered the four possible combinations of the service time distributions for service and
abandonments, obtained by choosing from an exponential and a two-stage Coxian, with
coefficient of variation drawn from the uniform distribution 2/(0.5; 10.0). The routing prob-
ability mass rt o~ U[0.7;1.0] was spread randomly across 7 1, ...,7; ». Here, we would
like to point out that two-stage Coxians allow to approximate a rich class of distributions.
In particular, if £,V > 0 are such that V/ E?>0.5,a two-stage Coxian random variable Y’
can be constructed [35, Section 7.6.7] such that E[Y] = E and V[Y] = V.

Our findings are summarized in Table 1, grouped in columns according to the combi-
nation of service- and abandonment-time distribution considered, where each rows shows
the statistics for a given network size. The table lists the percentage of networks which in-
duce a feasible LMI system (and hence proving the presence of a global attractor) and the
average time to run the analysis for a single network. This was measured on an ordinary
laptop equipped with an Intel Core i15-3210M processor and 8§ GB RAM. Entries in the table
indicated by ‘-’ refer to cases where either an out-of-memory error was produced, or where
the analysis of a single network exceeded 180, an arbitrarily chosen time bound.

These results confirm the increased computational cost of the analysis due to the matrix
sizes and/or the number of linear modes in the ODEs, as discussed in Sections 3.1-3.3. For
a fixed combination of service- and abandonment-time distribution, increasing the number
of ODE linear modes leads to a decrease in the percentage of feasible LMI problems. We
explain this phenomenon with the growing number of LMI equations that have to admit a
common solution.

6 Mixed Abandonment Policy

In this section we extend our exponential model (11) and allow the abandonment distribution
to depend on the fact whether a customer is waiting or being served. While this usually does
not apply to computer systems where clients are jobs and abandonment is timeout, in the
case of call centers, this can be explained by the changed mindset of a customer that entered
service. We think that this policy is more flexible than the common abandonment policy [28]
according to which a customer cannot abandon while being served.

In particular, instead of considering the fluid model (11) where the abandonment rate
while waiting and while being served in station i is in both cases M, we study the situation
where the former is equal to A%, and the latter is given by A%. It can be easily seen that the
abandonment policy of [28] can be extended to such a case and gives rise to the ODE system

n
C' = —p' min(C", 81) + i’ min(C7, )
j=1
— AL max(C? — §%,0) — A min(C?, S1) + 47, (16)

where 1 < i < n. Exactly as in Section 3.1, we first ask ourselves whether the LMI system
underlying (16) can be feasible. With Ay, ..., Agand A;,..., A4 asin Section 3.1, the LMI
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it~ U(1.0;3.0) it~ U(1.0;3.0)

AL, ~U(0.00152.0) AL, ~24(0.001;2.0)
AL=0 AL~ 14(0.0001;0.002)
# Queues ‘ Feas. Time ‘ Feas. Time
3] 97% 0s | 97% 0s
4| 96% 0s | 97% 0s
51 95% 0s | 96% 0s
6 | 94% Os | 95% 0Os
71 93% 0s | 96% 0s
8| 93% Is | 93% 0s
9| 67% 2s | 85% 2s
10 | 64% 9 | 79% 55
11 | 66% 27s | 79% 20s

Table 2: Percentage of queuing networks for which global attraction could be established
through an LMI feasibility problem. The header row shows which combination of service-
and abandonment-rates has been studied.

system of (16) forn = 2 is

A = “As—(L=ria)pt ro.1p? Ay — AL o0
7"172/11 A2 (1- r2,2)u2 ’ 0 -2 )
AL - 1-m 1),u1 0 —\L ro.1p?
Az = 5 ' . Ay = w ,
3 ( riopt -2 4 0 —A2—(1—roo)p?

As in Section 3.1, we note that AL, A2, > 0 is necessary for the feasibility of the LMI
system. Since this means that waiting customers should be able to abandon, we infer that
the common abandonment policy satisfies the necessary condition. Note, however, that the
common abandonment policy implies also that Al = A2 = 0. Consequently, if the service
rates pib, p2 are too small, the LMI system could become infeasible.

Following a similar route as in Section 5, we investigated the relation between the like-
lihood of feasibility and the mean abandonment times during service. To this end, we gener-
ated for each network size 3 < n < 11 randomly 100 queueing networks and calculated the
average computation time and the underlying percentage of feasibility. The routing proba-
bilities were generated as in Section 5. The results are depicted in Table 2 and allow to draw
three important conclusions. First, the LMI approach applies well to the common abandon-
ment policy where customers cannot abandon while being served. This can be observed by
studying the first column of Table 2. Second, already very large mean abandonment times
in service substantially improve the chances of feasibility. This is underpinned by column
two of Table 2. Third, by decreasing the mean abandonment times in service, the feasibil-
ity can be further improved. This can be seen by comparing the second column of Table 2
with the first column of Table 1, whose rates were drawn according to u* ~ ¢4(1.0;3.0) and
A, AL ~ 14(0.001;2.0).
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7 Conclusion

In this paper we proposed a computational method to study the convergence in the steady
state to the fluid limit in the sense of Kurtz for queuing networks with Coxian-distributed
service and abandonment times. This is made possible by the fact that the limit ODE system
has a piecewise affine vector field. Thus, the existence of a unique global attractor, which is
a sufficient condition for convergence in the steady state, can be established by setting up a
feasibility problem for LMIs. An empirical evaluation on a collection of queuing networks
with randomly generated parameters has shown its applicability in practice. In particular, our
analysis has highlighted that the presence of abandonment is necessary for feasibility. Future
work will aim at producing a tool implementation to support the findings herein presented.
Moreover, we want to investigate the possibility of extending mixed abandonment times to
non-exponential queueing networks.

Acknowledgement This work was partially supported by the EU project QUANTICOL,
600708.
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