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Abstract

An urn contains balls of d > 2 colors. At each time n > 1, a ball is drawn and then replaced together
with a random number of balls of the same color. Let Ap = diag (A, 1, ..., A, 4) be the n-th reinforce
matrix. Assuming that EA, ; = EA,; | for all n and j, a few central limit theorems (CLTs) are available
for such urns. In real problems, however, it is more reasonable to assume that

EAn j = EAp whenevern > land 1 < j < dj,

liminf EA; | > limsup EA, ; whenever j > dy,
b , i ,

for some integer 1 < dy < d. Under this condition, the usual weak limit theorems may fail, but it is
still possible to prove the CLTs for some slightly different random quantities. These random quantities are
obtained by neglecting dominated colors, i.e., colors from dy+ 1 to d, and they allow the same inference on
the urn structure. The sequence (Ap : n > 1) is independent but need not be identically distributed. Some
statistical applications are given as well.
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1. The problem

An urn contains a; > 0 balls of color j € {1,...,d}, whered > 2. Ateachtimen > 1, a
ball is drawn and then replaced together with a random number of balls of the same color. Say
that A, ; > 0 balls of color j are added to the urn when X, ; = 1, where X, ; is the indicator of
{ball of color j at time n}. Let

n
Ny j=aj+ Z Xi, j Ak, j
k=1

be the number of balls of color j in the urn at time » and
n

> Xk j

k=1

o M=

. . . . a.s.
Fix j and let n — oco. Then, under various conditions, Z, ; — Z(j) for some random

variable Z(j). This typically implies that M, ; 25 Zj). A central limit theorem (CLT) is
available as well. Define

Cpj=~nMyj—Zy,;) and D, j=/n(Z,;— Z).
As shown in [4], under reasonable conditions one obtains
(Cn,j, Dn,j) — N(0,U;) x N(0, Vj) stably
for certain random variables U; and V. A nice consequence is
(M, j — Z)) = Cnj+ Dnj — N(@©O,U; +V;) stably.

Stable convergence, in the sense of Aldous and Renyi, is a strong form of convergence in
distribution. The definition is recalled in Section 3.

For (Cy,j, Dy, ;) to converge, it is fundamental that EA, ; = EA,  for all n and j. In real
problems, however, it is more sound to assume that

EA,j=FEA,1 whenevern >1land1 < j <dp,

liminf EA, | > limsup EA, ; whenever j > dp,
n n

for some integer 1 < dy < d. Roughly speaking, when dy < d some colors (those labelled from
do + 1 to d) are dominated by the others. In this framework, for j € {1, ..., dp}, meaningful
quantities are

C;;j = «/E(M;f,j — Z;’;j) and D;lk,j = \/E(Z;j — Z(j)) where

n

> Xk,
k=l .
My = — Zyi=7 .
1+ Z Z Xk,i Z Nn,i

i=1k=1 i=1

Nuj
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If dy = d, then D:J = D, ; and |Cl’1’"j —Cyjl < \/Lﬁ If dy < d, in a sense, dealing with

cy I D ;) amounts to neglecting dominated colors.
Our problem is to determine the limiting distribution of (C;lk i D;‘;. j), under reasonable

conditions, when dy < d.
2. Motivations

Possibly, when dy < d, Z, ; and M, ; have a more transparent meaning than their coun-
terparts Z;“’ i and M;f’ i Accordingly, a CLT for (C,,;, Dy, ;) is more intriguing than a CLT for
(C:’j, D:’j). So, why are we dealing with (C;z"’j, D;l"’j)?

The main reason is that (Cy, j, D,, ;) merely fails to converge when

1
liminf EA, ; > 5 liminf EA,; forsome j > dp. (D)
n n

Fix j < dy. Under some conditions, Z,_; 25 Zjy with Z(jy > 0 a.s.; see Lemma 3. Further-

more, condition (1) yields /n Z?:do 1 Zni 2% 0. (This follows from Corollary 2 of [9] for
d = 2, but it can be shown in general.) Hence,

d
* a.s.
Dy =Dy j>Znjvn § Zp.i — 00.
i=do+1

Since D;f’ ; converges stably, as proved in Theorem 4, D,, ; fails to converge in distribution un-
der (1).

A CLT for D, ;, thus, is generally not available. A way out could be by looking for the
right norming factors, that is, investigating whether % Dy ; converges stably for suitable
constants «;,. This is a reasonable solution but we discarded it. In fact, as proved in Corollary 5,
(Cn,j» Dy, j) converges stably whenever

1
limsup EA, ; < 2 liminf EA,; forall j > dp. (1%)
n n

So, the choice of o, depends on whether (1) or (1*) holds, and this is typically unknown in
applications (think of clinical trials). In addition, dealing with (C:f, It D;‘ -) looks natural (to us).
Loosely speaking, as the problem occurs because there are some dominated colors, the trivial
solution is just to neglect the dominated colors.

A further point to be discussed is the practical utility (if any) of a CLT for (C:, I Dy j) or
(Cn,j,» Dy, ;). To fix ideas, we refer to (C D:;,j) but the same comments apply to (Cy,;, Dy, ;)

provided a CLT for the latter is available. It is convenient to distinguish two situations. With
reference to a real problem, suppose the subset of non-dominated colors is some J C {1, ...,d}
and not necessarily {1, ..., dp}.

If J is known, the main goal is to make inference on Z;y, j € J. To this end, the limiting
distribution of D;':,j is useful. Knowing such distribution, for instance, asymptotic confidence
intervals for Z ;) are easily obtained. An example (see Example 6) is given in Section 4.

But in various frameworks, J is actually unknown (think of clinical trials again). Then, the
main focus is to identify J and the limiting distribution of C;'; j can help. If such distribution is
known, the hypothesis

Hy:J=J*
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can be (asymptotically) tested for any J* C {1,...,d} with card(J*) > 2. Details are in
Examples 7 and 8.

A last remark is that our results become trivial for dy = 1. On the one hand, this is certainly
a gap, as dp = 1 is important in applications. On the other hand, dy = 1 is itself a trivial case.
Indeed, Z(1) = 1 a.s., so no inference on Z(j) is required.

This paper is the natural continuation of [4]. While the latter deals with dy = d, the present
paper focuses on dy < d. Indeed, our results hold for dy < d, but they are contained in
Corollary 9 of [4] in the particular case when dy = d. In addition to [4], a few papers which
inspired and affected the present one are [1,9]. Other related references are [2,3,5,7,8,10,12].

The paper is organized as follows. Section 3 recalls some basic facts on stable convergence.
Section 4 includes the main results (Theorem 4 and Corollary 5). Precisely, conditions for

(C,’:’j, D::’j) — N(0,U;j) x N(0, V;) stably and
(Cn,j, Dn,j) — N(0,U;) x N(0, Vj) stably under (1*)

are given, U; and V; being the same random variables mentioned in Section 1. As a consequence,
V(M = Zy) =Cp ; + D ; —> N(0,U; +V)) stably and
\/E(Mn,j —Zij)=Cnj+Dyj—> N(O, Uj+V;) stably under (1*).

Also, it is worth noting that D . and D, ; actually converge in a certain stronger sense.
Finally, our proofs are admittedly long. To make the paper more readable, they have been
confined in Section 5 and in a final Appendix.

3. Stable convergence

Let (£2, A, P) be a probability space and S a metric space. A kernel on S (or a random
probability measure on §) is a measurable collection N = {N(w) : w € {2} of probability
measures on the Borel o-field on S. Measurability means that

N()(f) = / f(x) N(w)(dx)

is A-measurable, as a function of w € {2, for each bounded Borel map f : § — R.
Let (Y,,) be a sequence of S-valued random variables and N a kernel on S. Both (Y;,) and N
are defined on ({2, A, P). Say that Y, converges stably to N when

P(Y,e-|H)— E(N(-)| H) weakly forall H € A such that P(H) > 0.

Clearly, if Y,, — N stably, then Y;, converges in distribution to the probability law E (N (-)) (just
let H = {2). We refer to [5] and the references therein for more on stable convergence. Here, we
mention a strong form of stable convergence, introduced in [5]. Let F = (F},) be any sequence
of sub-o-fields of A. Say that Y,, converges F-stably in the strong sense to N when

E(f(Yn) | Fo) LN N(f) for all bounded continuous functions f : § — R.

Finally, we give two lemmas from [4]. In both, G = (G,) is an increasing filtration. Given
kernels M and N on S, let M x N denote the kernel on S x S defined as

(M x N)(w) = M(w) X N(w) forall w € f2.
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Lemma 1. Let Y,, and Z, be S-valued random variables and M and N kernels on S, where
S is a separable metric space. Suppose that o (Y,) C G, and 0(Z,) C Geo for all n, where
Goo = 0 (U, Gy). Then,

Yy, Zy,) — M x N stably
provided that Y, — M stably and Z,, — N G-stably in the strong sense.

Lemma 2. Let (Y ) be a G-adapted sequence of real random variables. If Y oo | % < o0 and

E( n+1 | gn) 2% Y, for some random variable Y, then

nZﬁ 2%y and ZYk

4. Main results

In what follows, X, jand A, j,n > 1,1 < j < d, are real random variables on the probability
space ({2, A, P) and G = (G, : n > 0), where

Go = {0, 12}, On =0(Xpj, Arj:1<k=n,1=<j=d).

Let Ny j =aj + Y ;_; Xk jAxk, j, where aj > 0 is a constant. We assume that

Xn,j €10, 1}, ZX”*/ =1, 0< A, < B forsome constant 3, 2)

(A,j:1<j<d)independentof G,_1 Vo (X, ;:1=<j<d),
Nu,j
d

Z Nn,i
i=1

Zn,j = P(Xn+1,j =1 |gn) =

a.s.

Given an integer 1 < dy < d, let us define

M=0 ifdy=d and Ap= max hmsupEAn/ ifdy <d.

do<j<d
‘We also assume that
EA,;j =EA,1 forn>1land1 < <dy,
m:=1lmEA, 1, m> Ao, qj :=limEAﬁj for1 < j <dj. )
n n ’

A few useful consequences are collected in the following lemma. Define
dy d
= Npi and S, =) Ny
i=1 i=1

Lemma 3. Under conditions (2)—(3), as n — oo,

* S,

Op as n o as.
—m and — —m,

n n
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d
1— as Ao
n E Z,i—> 0 wheneverdy < dand A > —,
) m
i=do+1

Zn,j ﬁ) Z(j) for each 1 < ] < d,
where each Zjy is a random variable such that Zjy > 0 a.s.

For d = 2, Lemma 3 follows from results in [9,10]. For arbitrary d, it is possibly known but
we do not know of any reference. Accordingly, a proof of Lemma 3 is given in the Appendix. We
also note that, apart from a few particular cases, the probability distribution of Z;) is not known
(even if dy = d).

We aim to settle the asymptotic behavior of

Cnj =My j—Zy j), Dy j=~/n(Zyj— Zj)),
Chj=~nMy; ;=27 ), Dy i =~n(Z; ; = Zg)),

where j € {1,...,dp} and

n n
kzl Ak kzl e N, j
L K= * = * n.Jj
Muj =" M= 2=
L4+ > X > Nui

k=1i=1 i=1

Let A (a, b) denote the one-dimensional Gaussian law with mean a and variance b > 0 (where
N(a,0) = §,). Note that N'(0, L) is a kernel on R for each real non-negative random variable
L. We are in a position to state our main result.

Theorem 4. If conditions (2)—(3) hold, then
C;f,j — N(0,U;) stably and
D:’j — N(O, Vi) G-stably in the strong sense
foreach j € {1,...,do}, whereU; =V; —Z (- Z))

”
and Vj:iz){qj(l—Z(j))z-i—Z(j) Z CIiZ(i)}-
n i<dyi#j

In particular (by Lemma 1),
(c* D;"j) — N(0,U;j) x N(0,V;) stably.

n,j’

As noted in Section 2, Theorem 4 has been thought for the case when dy < d, and it reduces
to Corollary 9 of [4] in the particular case when dy = d. We also remark that some assumptions
can be stated in a different form. In particular, under suitable extra conditions, Theorem 4 works
evenif (A,.1,..., Ayq) independent of G,—1 V 6 (Xp 1, ..., Xu.q) is weakened into

(An.1s...,Anq) conditionally independent of (X, 1, ..., X,.4) given G,_1;

see Remark 8 of [4].
The proof of Theorem 4 is deferred to Section 5. Here, we stress a few of its consequences.
We already know (from Section 2) that (C,, ;, Dy, ;) may fail to converge when dp < d. There
is a remarkable exception, however.
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Corollary 5. Under conditions (2)~(3), if 2 ho < m (that is, (1*) holds) then

Cn,j — N(0,U;) stably and D, j —> N(0,V;) G-stably in the strong sense
foreach j € {1,...,do}. In particular (by Lemma 1),

(Cpj. Dnj) —> N(O,Uj) x N(O, V) stably.

Proof. By Theorem 4, it is enough to prove that D;lkj — Dy j L, 0and Cr i Cn,j T
can be assumed that dy < d. Note that

i D] =iz (B 1) < 2 3 7

i=do+1

d 1
Z Mn,i —y
% _ % ) i=dp+1
Cp = Cnj=Dyj— Dy ;+ My j/n @

_+2Mnl
i=1

By Lemma 3 and 2 A9 < m, there is o > % such that n“ Z?:d0+l Zn.i 2%0. Thus, it remains
only to see that \/n M,, ; —> 0 for each i > dy. Fix i > do and define L, ; = Y e %
Since (L,,; : n > 1) is a G-martingale and

Zni(1—2Z,) n*Zy
N2 _ n,i n,l n,i
20 Bty = La® | Gu = D=0 mrmm < DS r <00 as,

L, ; converges a.s. By the Kronecker lemma,

1 an(x 7 ) 1 i\/zxk,i —Zk-1,i as. 0
R k,‘ — k*],‘ = — —_—
=t = vk

Since \/LE Yo kT —> O0and Zi; = o(k™®) a.s., it follows that

1 n
Mui=—= (Xi— Zkl,)+—sz,—>0 m
Vi

Theorem 4 has some statistical implications as well.

Example 6 (A Statistical Use of D; j). Suppose that dyp > 1, conditions (2)—(3) hold, and fix

. . . . P
J <dp.Let (Vy, ; :n > 1) be a sequence of consistent estimators of V;; thatis, V, ; —> V; and
0 (Vy,j) C D, for each n, where

Dy =0 (Xk,iAki, Xki: 1 <k<n,1<i=<d)
is the o-field corresponding to the “available data”. Since (V) ;) is G-adapted, Theorem 4 yields

(D, j, Vi, j) — N(O, V}) x 8y, G-stably in the strong sense.
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Since dp > 1, then 0 < Z(j) < 1 a.s., or equivalently V; > 0 a.s. Hence,

D* .
I{Vn‘j>0}% —> N(0,1) G-stably in the strong sense.
n,j

For large n, this fact allows us to make an inference on Z . For instance,
* Uy
Zn,j + ﬁ\/ Vn,j

provides an asymptotic confidence interval for Z ;) with (approximate) level 1 — o, where ug is
such that N0, 1) (ug, 00) = §.
An obvious consistent estimator of V; is

1
V,,,J:W{Qn,j(1—zn,j)2+z},’j > Quip where

n i=do,i#]
n d
>0 XiiAki Z XiiAR,
my, = ketizt and Qp; =
n n
In fact, E(X,41,;A n+1 i G, = Zn ,EAn_H ; 2% Zyq; foralli < dy, so Lemma 2 implies

that Qp ; 2% Z(iyq;. Similarly, m,, 2% . Therefore, V), ; 2% V.
Finally, Theorem 4 also implies that \/ﬁ(M:J —Zy)=C,;+D;;, — N©O,U; +V))
stably. So, another asymptotic confidence interval for Z ;) is M :i: [, /Gn j» where G, jisa

consistent estimator of U; + V. One merit of the latter interval 1s that it does not depend on the
initial composition a;, i =1, ..., dy (provided that this is true for G, ; as well).

Example 7 (A Statistical Use of C, ;)- Suppose that

EApj=pj and var(A,;)=0; >0 foralln>landl < j<d.

Suppose also that conditions (2)—(3) hold with some J C {1, ..., d} in the place of {1, ..., dp},
where card(J) > 1; that is,

Ur =m > s wheneverr € Jands & J.

Both J and card(J) are unknown, and we aim to test the hypothesis Hy : J = J*, where
J* C{l,...,d}and card(J*) > 1. Note that U; can be written as

Zi .
Uj:iz){(l—Z(j))ZO'jz—}—Z(j) Z Z(i)O'iz}, jed.
m el it]

Fix j € J*. Under Hy, a consistent estimator of U; is

A
Un,,,:%{(l—zn,j)z it Zui Y. Znioy } where
n’i’%(z Zn,i) ieJ*i#j

ieJ*
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n n
> XkiAr,i > Xpi(Api — g i)?
f}\'z _ Z ~ }’1\1 k=1 6\2 _ k=1
n — n,g — E) A
card(J*) ’ n n,i n
ieJ* > Xk > Xk
k=1 k=1

A couple of remarks are in order. First,

Fo=Y Zni 2% 1 under H.
ieJ*

Indeed, the factor F,~* has been inserted into the definition of U, j in order that K, ; fails to
converge in distribution to A(0, 1) when Hy is false, where K ; is defined a few lines below.
Second, >y, Xx; > 0 eventually a.s., so n1,,; and Ef,i are well defined. Similarly, /1, > 0
eventually a.s.

Next, defining C;f’j in the obvious way (i.e., with J* in place of {1, ..., dp}), Theorem 4
implies that

*

J = Hu, ;>
n,j j /—Un’j

The converse is true as well; i.e., K, ; fails to converge in distribution to N(0, 1) when Hy
is false. (This can be proved by arguing as in Remark 10; we omit a formal proof). Thus, an
asymptotic critical region for Hy, with approximate level «, is {| K, j| > uq} with u satisfying
N, 1) (uy, 00) = % In real problems, sometimes, it is known in advance that jy € J for some
Jo € J*. Then, j = jp is a natural choice in the previous test. Otherwise, an alternative option is a
critical region of the type | J; c j«{| Ky,i| > u;} for suitable u;. This results in a more powerful test
but requires the joint limit distribution of (K, ; : i € J*) under Hp. Such a distribution is given
in [4] when J* = {1, ..., d}, and can be easily obtained for arbitrary J* using the techniques of
this paper.

— N(0,1) stably under Hy.

Example 8 (Another Statistical Use of C, * ). As in Example 7 (and under the same
assumptions), we aim to test Hy : J = J*. In contrast to Example 7, however, we are given
observations Ay j, 1 < k < n,1 < j < d, but no urn is explicitly assigned. This is a main
problem in statistical inference, usually faced by the ANOVA techniques and their very many
ramifications. A solution to this problem is using C; n,j> a8 in Example 7, after simulating the

Xp,j- The simulation is not hard. Take an i.i.d. sequence (Y n > 0), independent of the Ay, js
with Yy uniformly distributed on (0, 1). Leta; =1, Zp,; = d fori =1,...,d, and

J
X1,j= I{FO,j—]<Y0§F(),j} where Fy j = Z Zy,; and Fp o = 0.

i=1

By induction, for eachn > 1,

Xn+1, j= I{F,,J 1<V <F, ;} where F, g = Zzn i
i=1

Fro0=0 and Z,; =
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Now, Hp can be asymptotically tested as in Example 7. In addition, since Ay ; is actually observed
(unlike Example 7, where only Xy ; Ay ; is observed), m, ; and 6\,12’[. can be taken as

n n
> Api > (Axi — M i)?
k=1 ~2 k=1
and o7 . =
n ot n

Clearly, this procedure needs to be much developed and investigated. By now, however, it
looks (to us) potentially fruitful.

—~
My =

5. Proof of Theorem 4
The next result, of possible independent interest, is inspired by ideas in [4,5].

Proposition 9. Let F = (F,) be an increasing filtration and (Y,) an F-adapted sequence of real
integrable random variables. Suppose that Yy, 2y for some random variable Y and H,, € F,
are events satisfying P(Hf i.0.) = 0. Then,

Y, —=Y) — N(0,V) F-stably in the strong sense,

for some random variable V, whenever

E{Ig, (E(Ynt1 | Fn) — Yu)*} = o(n ™), )

VnE {IHn 2UP |E(Yeyr1 | Fi) — Yk+l|} — 0, ©)

0y (Y — Yy > V. (©)
k>n

Proof. We base the proof on the following result, which is a consequence of Corollary 7 of [5].
Let (L,) be an F-martingale such that L, 2% L. Then, Jn (L, —L) — N(0,V) F-stably in
the strong sense whenever

@) limyaE { Iy, sup|Le— Ll =0 (i) n Y (Li— Lig)> > V.
" kzn k>n
Next, define the F-martingale
n—1
Lo =Yy, L,=Y, — E(Yiy1 — Y | Fi).
k=0

Define also T, = E(Y,+1 — Y, | Fu). By (4),

Vi) JElgTil <V Y W EUgTE) = vn ) ok™?) — 0. ™

k>n k>n k=n

In particular, Z,fozo E|Ipy, Ti| < oo so that ZZ;(I) I, T converges a.s. Since Y, converges a.s.
and P(Ig, # 11i.0.) =0,
n—1 s
L,=Y,— Z T, —> L for some random variable L.
k=0
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Next, write

(Ln—L) =Yy =Y) =Y (Li = Lig)) = Y_ (Vi = Yig)) = Y _ Ti.

k>n k>n k=n

Recalling that \/n Zkz” [T, Tk LN 0 (thanks to (7)), one obtains

WL, — L) = (Y, = V)| = /n|Y T

k>n
P
< VY g Tl + V) (1= Ig) Tl — 0.
k>n k>n

Thus, it suffices to prove that /n(L, — L) —> N(0, V) F-stably in the strong sense; that
is, to prove conditions (i) and (ii). Condition (i) reduces to (5) after noting that Ly — Ly4+; =
E(Ykt1 | Fi) = Yitr.

As to (i), since Ly — Ly = Y; — Yru1 + Ty, condition (6) yields

n Y (Li— Lig)* =V 4n Y AT +2T(Yi — Yir)} + op(1).

k>n k>n
By 4), E{n} -, IHkaz} =N p=p o(k=3) — 0. Since P(Iy, # 1 i.0) = 0, then
nY psn T? L, 0. Because of (6), this also implies that

2
{n Z Ty (Y — Yk+1)} < nZ T? - n Z(Yk — Yis1)? Lo

k>n k>n k>n

Therefore, condition (ii) holds, and this concludes the proof. [J

We next turn to Theorem 4. From now on, it is assumed that dy < d (the case when dy = d
has been settled in [4]). Recall the notations S} = Zj’i] Ny and S, = Z;’zl Ny.i. Note also
that, by a straightforward calculation,

% % Xn+l J n+l J n+lt n+lt
Zn+1 J Zn J= - n J E .
S*+An+1 j S*+An+1 i

Proof of Theorem 4. The proof is split into two steps.
@) D;zk,j —> N(0, V;) G-stably in the strong sense.

By Lemma 3, Z* = din/ 2>Z(j) Further, P(2 S} < nm i.0.) = 0 since %:ﬁ)m

- n,i

Hence, by Proposmon 9, it sufﬁces to prove conditions (4)—(5)—(6) with
Fn = Gn, Yo =2, Y =2, H, = {2S; > nm}, V=V,

Conditions (4) and (5) trivially hold. As to (4), note that

do dy
* — . O
Zn,j Z Z"yi - Z"»J Z Zn,i =Z
i=1 i=1
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Therefore,
*

An+l,j
SE+Apt,j

=Zn,,-E{

7 E n+1,i
} jz ! {S*+An+lz gn
2

Ai+1 j % Z At
—z gl " +Z, Z <o
5 Si S+ Aurr) | S+ A

g}’l}v

2
s0 Iy, |EAZ},y ;= 25 1 Ga}| < In, ("gﬂ)z < ML Asto(5),

28 1 1
‘E(Z;H,j | Gi) = Z;ck+1,j) = 53 + Nij |E (S* gk) T
k k+1 k+1

2 1 1 3
= _/i + Nk J\ ox T ox = _/z’

S} S Si+B) TS

3B _6
SOIHn Supk2n|E(Z]t+1,j |gk)— k+1]| <]H ﬂ < Wﬁ%
Finally, let us turn to (6). For every i € {1, .. .,do},

:

2 EAZ . . gi
n’E —_mHli Gt < nz—"H’l 2% T and
(SF+ Ant1.)? (5%)2 m2
2 2
an n+1,i > EAn+1 i 2} i
(S; + Ans1.0)? s m
Since X, 41 Xnt1.s = 0 for r # s, it follows that
A2
n? % \2 _ 2 (1 gk N2 n+l,j
E{(Zn+] j Zn,j) |gn} = n Zn,](l Zn’j) E{ (S:+An+1,_j)2 ‘ gn}

&

Let Ryp1 = (n + 1)? I, (ZnJrl j Z* .)2. Since H, € G, and P(Ig, # 1 io0.) =
E(Rui1 1 Gn) 25 V;. On noting that |Z*+] i~ Z;‘/I < dgf,

ER? In,_, \ _ (2doB b2
n .
n2 =0 S ) " \m ) m—1?
By Lemma 2 (applied with ¥,, = R;,),

n .
nZIHk(ZZ-&-l,j - Z/f,j)2 e (n+1) Z — —Vj.
kzn k=n+1

A2 .
207% 2 n+1,i
+nX(ZE )Y ZniE|

" lfd(),l?fj w { (Sﬁ< + An+1,1)2

a.s. 2 Qj 6]:
— ZpU=Zp) T+ zH Y Ziy 3
i<do,i#]

Since P(Ip, # 11i.0.) =0thenn Zk>n (Zk+1 i~ )2 b — Vj; that is, condition (6) holds.
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(i) C; , — N(0, U)) stably.
Define 7, ; = Y ;_; X.i» To,; = 0, and note that
do
*
Toj— 2} Zl Tp.i
i=

NG

~ VnZzy

do do
L+ > T 1+ 3 T
i=1 i=1

Cr. =

n.j and

n

dy dy dy
i=l1 i=l1 i=l1

k=1
n do do
k=1 i=1 i=1

Define also H, = {2S;; > nm} and

1 n do do
= > Iy, {Xk,,- —ZF D Xk Y T i(E(ZE | Gee)) = ZE ) t -
k=1 i=1 i

i=1

) )
Recalling (from point (i)) that P(Ig, # 1 10.) = O, limn@

= 1 as., and
In, ‘E{Z}f’/ — thfl,j | gk_l}‘ < m a.s. for some constant c, it is not hard to see that
C, ; — N stably if and only if C;*; —> N stably for any kernel N.

We next prove that C;f,*j —> N(0, Uj) stably. Fork =1, ..., n, let F, x = Gx and

do dy
In,_, {Xk,j —Zi Z] Xii + 2 Ti1i(E(ZE ;| Ge1) — ZZ‘J)}
iz

i=1
Jn

Since E(Yyx | Fux—1) = O a.s., the martingale CLT (see Theorem 3.2 of [6]) applies. As a
consequence, C;f”“j = ZZ=1 Yox — NO,U ;) stably, provided that

Yn,k =

n
P P
sup E | max Ynzk <o00; max |Y, x| —0; E Ynzk—>Uj.
n 1<k<n 1<k<n =1 ’

As shown in point (i), I, _, ’E(Z,f j | Gk—1) — Z; il = del a.s. for a suitable constant d. Hence,

the first two conditions follow from

2(1 + d?)

2 2
ik S = Sy (k= DAEZ 1 Gen) = Z )P < ——

. . P
To conclude the proof, it remains to see that ) ;_ Yn2  — Uj. After some (long) algebra,
the latter condition is shown to be equivalent to

Iy s * « N2 P
;ZIHH {xk,j —Zp A KZE —z,w.)} Lu;. (8)
k=1
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Let Ry+1 = (n + 1) Iy, (Z*
Lemma 2 implies

ntlj Z;'l‘,j)2. Since E(R,+1 | Gn) 25 V;, as shown in point (i),

2 as,

1 n
;Zlﬁkflkz(z;j_l,j —Z{ )PV
k=1

A direct calculation shows that
1< % 2 as.
p ZIHH (Xkj = Zi—1,))" — Z(p(A = Zj)-
k=1

Finally, observe the following facts:

Xnt1,jAn+1,j
:,j - Z;:+1,j)(Xn+1,j - Z:,j) =—1- Z;:’j)—S,’; T An+1 ; - ZZ,/‘(Z;’;,/' - ;‘:+1’j)7

c(n+1) as.
— 0,
n2

(z

(n+1)Z; In,

Zr 1G] <

Xn+1,jAnt1, _ntl
(n—l—l)E{; G, < Zn i EAnsr i 25 Z0h,
Si4Aniry | sy mIm oL W
Xnt1,jAn+1,j n+1
(71+1)E{m Oni > S*—i—,BZn ]EAn+1J—>Z(])
n B

Therefore,

(n+DIn,ENZ,; j — Zy iy ) Xng1,j — Zy ) | Gu} 25 —Z (1 = Z(j)

and Lemma 2 again implies that
2 ¢ * * * as.
p Y m K (ZE = ZE D Ke = ZEy ) = =223y (1= Zj).

Thus condition (8) holds, and this concludes the proof. [J

Remark 10. Point (ii) admits a simpler proof when EAy j = m forallk > 1and 1 < j < dp.
This happens, in particular, if the sequence (A, 1, ..., An.q) is 1.i.d.
Given the real numbers by, ..., by,, define

d
1 0
Yok = N ijxk,j (Ag,j — EAg,j), Fok =Gk, k=1,...,n.

By Lemma 2,y _, Y7, 25 Z b? (qj —m*) Z(j) = L. Thus, the martingale CLT implies
that ZZ:] Yox — N(O, L) stably Since by, ..., by, are arbitrary constants,

n
Y Xk, (Akj — EAr )

k=1
Jn

cj=1,...,do | —> Ng(0,2) stably
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where Y is the diagonal matrix with o; ; = (q; — m*)Z(;). Let T,,; = > j_; Xk j. Since

EAj j =mand % 2% Zjy > Oforall j < dp, one also obtains

n
> Xij Ak,
Jn kle——m cj=1,....dy | — Ng(0,T) stably,
n,j
2
where I is diagonal with y; ; = (qu(j) ! Next, write
n
> Xk j Ak,
G i Tnj k=1
g dy dy n
> Twi 22 XkiAki
i=1 i=1k=1
n
Z Ty, Z Xk, j Ak, j
_ Ty, i<dy,i#] il m =
- dy n do Tn,]
Do XeiAki o ) T
i=1k=1 i=1
n
> XiiAri

Ty, 1

DO = S

dy n dy . s T
S XeiAei Y T S0i# ’
i=1k=1

i=1

+

Clearly, C;; i 5n j 2% 0. To conclude the proof, it suffices to note that 5,1 j converges stably
to the Gaussian kernel with mean 0 and variance

2 2 2
<Z<j)(1 —Z(j))> 4 —m” Zi) 72 4 —m? _ U
m Zgy o om?

Appendix

Proof of Lemma 3. We first note that N, ; 2% o for each J < dp. Arguing as in the proof
of Proposition 2.3 of [9], in fact, Y., X, ; = oo a.s. Hence, YF_, Xr.j EAr.j —> oo, and
Ny, j 2% 50 follows from the fact that
n n
Ly=N,j— {a,- +) X EAk,,-} =Y "X, j(Arj — EAr))
=

k=1 =1

is a G-martingale such that |L,, 1| — L,| < g for all n.
We also need the following fact.

Claim. 7, ; = (NS’% converges a.s. for all j > dy and ) € (%", 1).
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On noting that (1 — ) <1—iaxfor0<x <1and Zfil Zy; = g , one can estimate as
follows:
T ; N i+ X i A i S* *
E{ n+l,j 1‘ gn} —E n,j n+l,j An+1,j >kn Gt —1
Tn,j Nu,j Sn+l

A
Znj EAnt1j | p (S;’Z) “1lg
¥ n

N"»f n+1
EAn_H j { n+1,i n+] i
)\Z E Gn

n+1
_ EAnrj ZO Zni EAny1,i
Y o Sith
EA,q1; S*
— ZfntlJ — A EAni1 ) ot
Sn Sn(Sy + B)
! EA —AEA S;lk
= a.s.
Sn n+1,j n—i—l,lSI;k +/3

Since limsup, (EA;+1,j —AEApp11) < Ao — Am < 0, there are € > 0 and ng > 1 such that
EApt1,j — M EAu41,1 < —€ whenever n > ng. Thus,

Tnitl,j
E{tuy1,j — il Gu} =t E { u — 1’ gn} <0 a.s. whenever n > ng and S,f >c
n,j

. . a.s. . .
for a suitable constant c. Since S; > N, 1 —> oo, thus, (7, ;) is eventually a non-negative G-
super-martingale. Hence, 7, ; converges a.s.

Let X € (%", 1). A first consequence of the claim is that Z,, ; < ST" L 2% 0 for each Jj > do.

Letting Y, = Z?il Xp.i An.i, this implies that

do
E(Yut1 | Gn) Zzn,EAnHl—EAnm(l— > Z)—>m

i=1 i=do+1

Thus, Lemma 2 y1elds 25 m. Slmllarly, 25 m. Applying the claim again,

n S*
nI*AZn i=\|= L) 1, j converges a.s. for each j > dp.
’ Sn Sn ’

Since j > dp and A € (AO 1) are arbitrary, it follows that nl=* Z 1 Zn,j 2% 0 for each
A > 20
m

Next, fix j < dy. For Z,_ ; to converge a.s., it suffices that

Jj=do+

ZE{Z,[H,]- —Z,,; 16y} and ZE{(Z,H]J — Z,,,j)2 | Gn} converge a.s.;
n n
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see Lemma 3.2 of [11]. Since

Xn+1 j n+1 j n+11 n+lz
Zn—i—l,j - Zn,j =S .~ nj g s
Sn+A+1] Sn+A+lz

d
|Zui1.j — Zn.jl < L. Hence,

1 /n\?
S ElZnir — Zu ) 1 G} < 2By — (_) <00 as
n w N Sn

Moreover,

E{Zn+l,j - Zn,j | gn}

Antl,j

=7, E{ ———
n,j { S, + An+1,j

. 7 . E n+1,i
n} njz n,i {Sn+An+1z gn
2
G +zn,-Zzn,~E A
T LR S (S Angr)

EA +1,j d EA +1,i
+ Z"aj ; L — Zn,j Z Zn,i% a.s., and
" i=1 n

2
An+1,j

~Z, B} ——r

{ Sn(Sn + Ans1,j)

‘)

d d
EAn+l,j - Zzn,i EAnJrl‘i = EAn+],] Z Zn,i - Z Zn,iEAn+l,i~
i=1 i=dp+1 i=dp+1

Therefore, ), E{Z,11,j — Zn,j | Gu} converges a.s., since
d
) Z Zn,i
,3 i=dp+1

+28

iE{Zn+1,j _Zn,j |gn}| = SZ S
n

A
= o(n’\_z) a.s. foreach A € (—0, 1) .
m

Thus, Z, ; 25 Zjy for some random variable Zjy. To conclude the proof, we let ¥, ; =

D E(Yur1i—YailGa)d and Y E{(Yayri — Yui)* | Gu}

converge a.s. whenever i < dj.

In this case, in fact, log Z
eachi < dj.
1 Ant1,i Ay
Since Yyi1,i — Yu,i = Xnt1,i log(1 + F=5) — Xpy1,1 log(1 + —N:‘I*l ),

and this implies that Z;) > 0 a.s. for

E{Yn+1,i — In,i | gn}

A
=ZyE {log (l + Ansl, 1)‘ Qn} —Zua E {IOg (1 + Lll)‘ gn} a.s.
Ny,i Ny
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Since EA,+1,; = EAp+1.1, a second-order Taylor expansion of x +— log(1 4 x) yields

,82 1 1
E{Yui1,i — Yui | Gu}| < + a.s.
‘ n+1,i n,i n } Nn,i Nn,l

A quite similar estimate holds for E{(Y,+1,; — Yn,i)2 | G,}. Thus, it suffices to see that

1
SnNni

n s

< oo as. foreachi < dj.

Define R, ; = (N*) where u € (0, 1) and i < dp. Since (1 + x)* < 1 4 u x for x > 0, one can

estimate as

R . * u * u X A X
E{ n+1,i _1 ‘ gn} —E ( n:l) -1 gn _E ( n:l) n+1,i An+1,i gn
i S, Sk Npi + Anst,i

< ME{ n+1~ ®n ’ gn} _E { Xn+1‘z An+l,z gn}
S;qk Nn,i + :3
ZniEAnti
S::ZZ"”EA”“” Noi + B
=1 ’
_ EApyi1 { _ Ny,i } as
Sn Nn,i + /3 -

As in the proof of the claim,

R .
E{Ry+1;— Rui| G} =Ry, E { I’é;ll -1 ' gn} <0 as. whenever N,; > ¢

n,i

. . a.s. . .
for a suitable constant c. Since N, ; —> oo, then (R, ;) is eventually a non-negative G-super-
martingale, so R, ; converges a.s. Hence,

Z —Z —ZR~££M1<OO a.s
Snan Sy (S*)u N 7 n’lSn S,T pltu o

This concludes the proof. [
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